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Abstract: Taking the simple examples of an Abelian 1-form gauge theory in two (1 + 1)-
dimensions, a 2-form gauge theory in four (3+1)-dimensions and a 3-form gauge theory in
six (5+1)-dimensions of spacetime, we establish that such gauge theories respect, in addition
to the gauge symmetry transformations that are generated by the first-class constraints
of the theory, additional continuous symmetry transformations. We christen the latter
symmetry transformations as the dual-gauge transformations. We generalize the above
gauge and dual-gauge transformations to obtain the proper (anti-)BRST and (anti-)dual-
BRST transformations for the Abelian 3-form gauge theory within the framework of BRST
formalism. We concisely mention such symmetries for the 2D free Abelian 1-form and
4D free Abelian 2-form gauge theories and briefly discuss their topological aspects in our
present endeavor. We conjecture that any arbitrary Abelian p-form gauge theory would
respect the above cited additional symmetry in D = 2p (p = 1, 2, 3, ...) dimensions of
spacetime. By exploiting the above inputs, we establish that the Abelian 3-form gauge
theory, in six (5 + 1)-dimensions of spacetime, is a perfect model for the Hodge theory
whose discrete and continuous symmetry transformations provide the physical realizations
of all aspects of the de Rham cohomological operators of differential geometry. As far as
the physical utility of the above nilpotent symmetries is concerned, we demonstrate that
the 2D Abelian 1-form gauge theory is a perfect model of a new class of topological theory
and 4D Abelian 2-form as well as 6D Abelian 3-form gauge theories are the field theoretic
models for the quasi-topological field theory.
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1 Introduction
It has been well-established that the four (3 + 1)-dimensional (4D) non-Abelian 1-form(
A(1) = dxµAµ
)
gauge theories are at the heart of standard model of high energy physics
where there is a stunning degree of agreement between theory and experiment. Two of
the central shortcomings of the standard model of particle physics are the experimental
observation of the mass of the neutrinos and, so far, no conclusive experimental detec-
tion of the Higgs particles† which provide masses to the gauge bosons and fermions of
the standard model of particle physics. It has been possible to construct models that
provide masses to the (non-)Abelian 1-form gauge bosons without taking any recourse
to the Higgs mechanism. These models are based on the merging of 1-form and 2-form
[B(2) = (1/2!)(dxµ ∧ dxν)Bµν ] gauge fields through the topological coupling [1–4]. In an
exactly similar fashion, the 2-form gauge boson has been shown to acquire a mass through
the topological coupling with the 3-form gauge field (see, e.g., [5]). Thus, there has been a
renewed interest in the study of the higher p-form (p = 2, 3, 4, ...) gauge theories. One of
the central purposes of our present investigation is to discuss some novel continuous and
discrete symmetry transformations that are associated with the 6D Abelian 3-form gauge
theory and briefly mention about such symmetries in the context of our earlier works on
the 2D Abelian 1-form and 4D Abelian 2-form gauge theories.
In recent years, it has become fashionable to study the higher D-dimensional [(D −
1) + 1] (with D = 5, 6, 7, ...) p-form tensor gauge fields because these fields appear in the
quantum excitations of the (super)string theories and related extended objects (see, e.g.,
[6–8]). In fact, as is well-known, the quantum versions of the (super)strings themselves
live in dimensions of spacetime that are higher than the observable physical four (3 +
1)-dimensions of spacetime (at present level of available energy scale). Thus, from the
point of view of modern developments in (super)string theories, it is important to study
higher p-form gauge theories in higher dimensions (D > 4) of spacetime. There is yet
another motivation to study, particularly, higher Abelian p-form (p ≥ 2) gauge theories in
higher dimensions (D > 4) of spacetime. In our very recent paper on the existence of the
(anti-)dual Becchi-Rouet-Stora-Tyutin (BRST) symmetries [9], we have claimed that the
dual-gauge- and (anti-)dual BRST symmetries would always exist for any arbitrary Abelian
p-form gauge theory in the specific D-dimensions of spacetime (when D = 2p). In other
words, we have proposed that, besides the usual gauge- and corresponding nilpotent (anti-)
BRST symmetries, any arbitrary Abelian p-form gauge theory would be also endowed with
the dual-gauge- and corresponding nilpotent (anti-)dual BRST symmetry transformations
in the spacetime dimensions D = 2p.
To follow the current trends and to corroborate the above assertions, we have chosen
the 6D Abelian 3-form gauge theory to demonstrate that it respects the dual-gauge- and
nilpotent (anti-)dual BRST [or (anti-)co-BRST] symmetries along with the usual gauge-
and corresponding nilpotent (anti-)BRST symmetries. As a consequence, the present the-
ory provides a tractable field theoretic model for the Hodge theory in six (5 +1)-dimensions
of spacetime as do the Abelian 1-form gauge theory in two (1 + 1)-dimensions [10–12] and
†In recent experiments at LHC, it has been claimed that the Higgs particle has been experimentally
observed. However, this claim is debatable at the moment and there is no hundred percent certainty about
its identification (as Higgs particle).
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Abelian 2-form gauge theory in four (3 + 1)-dimensions of spacetime [13–16]. In all the
above theories, we have obtained the physical realizations of the de Rham cohomological
operators of differential geometry [17–20] in the language of discrete and continuous symme-
try transformations. Furthermore, we have deduced the analogue of the celebrated Hodge
decomposition theorem in the quantum Hilbert space of states for the above theories.
In our present investigation, we have taken the (anti-)BRST invariant coupled (but
equivalent) Lagrangian densities from our earlier works [21,22] on the superfield approach
to BRST formalism for the Abelian 3-form gauge theory in any arbitrary D-dimensions
of spacetime where we have established the connection of the Curci-Ferrari (CF) type
restrictions with the geometrical objects called gerbes (see, e.g., [22] for details). It is
the specific property of the six (5 +1) dimensional (6D) spacetime that the kinetic term(
(1/24)HµνηκHµνηκ
)
of the above Lagrangian densities can be linearized [cf. (53), (54)]
by exploiting the 6D Levi-Civita tensor (εµνηκρσ). This linearization enables us to derive
the dual-gauge- and off-shell nilpotent (anti-)dual BRST transformations besides the usual
gauge- and off-shell nilpotent (anti-)BRST transformations. We have deduced a bosonic
symmetry in the theory which is obtained from the suitable anticommutators between (anti-
)BRST and (anti-)co-BRST symmetry transformations. We show, in our present endeavor,
that there are, in totality, six useful continuous symmetries in the theory that include the
usual ghost-scale symmetry transformations as well. There also exists a set of discrete
symmetry transformations in the theory which plays a very crucial role in our present
discussions on the proof of our present 6D free Abelian gauge theory to be a tractable field
theoretic model for the Hodge theory.
The physical relevance of all these studies, it may be pointed out, is the observation
that the 2D free Abelian 1-form gauge theory provides a new model [23] for the topological
field theory (TFT) which captures a part of the key features of Witten-type TFT and some
salient features of Schwarz-type TFT. In an exactly similar fashion, we have been able to
prove that the 4D Abelian 2-form gauge theory is a model for the quasi-topological field
theory (q-TFT) [24]. In our present endeavor, we briefly review topological aspects of these
2D and 4D Abelian theories. We demonstrate, in our present endeavor, that present 6D
Abelian 3-form gauge theory is also a model for q-TFT apart from being a cute and precise
model for the Hodge theory. To study the physical constraints on the theory, we exploit
the Hodge decomposition theorem in the quantum Hilbert space of states and choose the
physical state to be the harmonic state of the theory [which is (anti-)BRST as well as
(anti-)co-BRST invariant and, hence, is the most symmetric state in the theory]. We have
already chosen such a physical state (i.e. the harmonic state) in our earlier works on the
proof of the exact topological nature of free 2D Abelian 1-form gauge theory [25,10].
The following factors have spurred our curiosity and interest in pursuing our present
investigation. First, to put our claim [9] on a firmer-footing, it is essential for us to show
that the 6D Abelian 3-form gauge theory is also endowed with the dual-gauge- and off-shell
nilpotent (anti-)co-BRST symmetry transformations as we have been able to show in the
cases of 2D Abelian 1-form and 4D Abelian 2-form gauge theories. Second, our present
exercise helps us to establish that the 6D Abelian 3-form gauge theory is a perfect example
of Hodge theory and a model for the q-TFT [which is similar in contents and textures as
the 4D Abelian 2-form gauge theory (see, e.g., [24])]. Finally, it is always challenging to
explore some new features that turn up in the study of the higher D-dimensional (D > 4)
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and higher p-form (p ≥ 2) gauge theories that are, in some sense, generalizations of the
usual 4D gauge theories based on the 1-form potentials (that provide the basis for the
standard model of particle physics).
The material of our present investigation is organized as follows. In Sect. 2, we dis-
cuss the continuous (dual-)gauge transformations and discrete symmetry transformations
for the Abelian 1-form, 2-form and 3-form gauge theories in 2D, 4D and 6D spacetime,
respectively. We also make brief comments on the nilpotent (anti-)BRST and (anti-)co-
BRST symmetry transformations associated with the 4D Abelian 2-form and 2D Abelian
1-form gauge theories and their relevance in the proof of (quasi-)topological nature of these
theories which have been discussed in our earlier works (see, e.g. [10,23,24] for details).
Our Sect. 3 is devoted to the discussion of (anti-)BRST symmetries and corresponding
conserved charges for the 6D Abelian 3-form gauge theory. In Sect. 4, we discuss about
the (anti-)co-BRST symmetries and corresponding charges for the above 6D Abelian 3-
form gauge theory. We derive the anticommutators of (anti-)BRST and (anti-)co-BRST
symmetries in Sect. 5 and deduce a single bosonic symmetry and its corresponding charge.
We take up the ghost-scale symmetry in Sect. 6 and derive its conserved charge. In Sect.
7, we discuss the algebraic structures of all the conserved charges and devote time on the
analysis of cohomological aspects of the above algebraic structures. Our Sect. 8 is devoted
to the proof that our present theory is also a model for the q-TFT. Finally, we summarize
our central results, make some concluding remarks and point out a few future directions
for further investigations in Sect. 9.
In our Appendices A, B and C, we discuss some explicit computations that have been
used in the main body of our text (i.e. the derivation of coupled Lagrangian densities (53),
(54) and the extended BRST algebra [cf. (102)]). Further, in our Appendix D, we discuss
very briefly the self-duality condition for the general D = 2p dimensional Abelian p-form
gauge theory. Our Appendix E is devoted to the discussion of extra bosonic continuous
symmetries that are also present in our Abelian 3-form gauge theory.
Notations and conventions: We adopt here the conventions and notations such that
the background flat D-dimensional Minkowskian spacetime manifold is endowed with a
metric that has signatures (+1,−1,−1, ...) so that the dot product between two non-
null vectors Pµ and Qµ is: P · Q = PµQ
µ = P0Q0 − PiQi, where the Greek indices
µ, ν, ρ, ... = 0, 1, 2, ..., D − 1 correspond to the spacetime directions and the Latin in-
dices i, j, k, ... = 1, 2, 3, ..., D − 1 stand for the space directions only. We also follow
the convention: (δBµν/δBρσ) = (1/2!) (δ
ρ
µ δ
σ
ν − δ
ρ
ν δ
σ
µ), (δAµνη/δAρσκ) = (1/3!) [δ
ρ
µ (δ
σ
ν δ
κ
η
−δκν δ
σ
η ) + δ
σ
µ (δ
κ
ν δ
ρ
η − δ
ρ
ν δ
κ
η ) + δ
κ
µ (δ
ρ
ν δ
σ
η − δ
σ
ν δ
ρ
η)], etc., where Bµν and Aµνη are the totally
antisymmetric tensor gauge fields. We denote on-shell as well as off-shell nilpotent (anti-)
BRST and (ant-)co-BRST symmetry transformations by s(a)b and s(a)d, respectively. The
Minkowskian spacetime remains in the background and it does not directly play any role
in our discussions because we focus on only the internal symmetries of our theories.
2 Preliminaries: Dual-gauge symmetries
In our subsection 2.1, we briefly mention the key points connected with the (dual-) gauge
transformations for the Abelian 1-form and 2-form gauge theories in 2D and 4D flat
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Minkowskian spacetime, respectively [10–16]. Our subsections 2.2 and 2.3 deal with the
topological features of the 2D Abelian 1-form and 4D Abelian 2-form gauge theories. In
subsection 2.4, we discuss about the continuous (dual-)gauge- and discrete symmetries for
the 6D Abelian 3-form gauge theory.
2.1 Abelian 1-form and 2-form gauge theories: Continuous and
discrete symmetries
We begin with the two (1 + 1)-dimensional (2D) gauge-fixed Lagrangian density for a free
Abelian 1-form gauge theory in the Feynman gauge (see, e.g., [10–12])
L(1) = −
1
4
Fµν F
µν −
1
2
(∂ · A)2 ≡
1
2
E2 −
1
2
(∂ · A)2, (1)
where Fµν = ∂µAν − ∂νAµ is derived from the 2-form [F
(2) = (1/2!)(dxµ ∧ dxν) Fµν ] which
owes its origin to the application of an exterior derivative d = dxµ∂µ (with d
2 = 0) on a
1-form (A(1) = dxµAµ) defined in terms of the gauge potential Aµ. The gauge-fixing term
(∂ ·A) is obtained from the application of a co-exterior derivative δ = − ∗ d∗ (with δ2 = 0)
on the 1-form gauge connection A(1). Here (∗) is the Hodge duality operation on the 2D
spacetime flat Minkowskian manifold. In 2D spacetime, the only existing component of the
curvature tensor Fµν (µ, ν, ... = 0, 1) is the electric field (i.e. F01 = −F10 = E) only.
The gauge- and the dual-gauge symmetry transformations (δg, δdg) for the above gauge-
fixed Lagrangian density (1) are given by (see, e.g., [10–12] for details)
δgAµ(x) = ∂µ Ω(x), δdgAµ(x) = − εµν ∂
ν Σ(x), (2)
where Ω(x) and Σ(x) are the infinitesimal local gauge- and dual-gauge parameters, respec-
tively, and εµν is the 2D Levi-Civita tensor with ε01 = +1 = −ε
01. The latter satisfies
εµν ε
µν = −2!, εµν ε
µλ = −δλν , etc. It should be noted that, under the infinitesimal gauge
(δg) and dual-gauge (δdg) symmetry transformations, the curvature tensor Fµν and the
gauge-fixing term (∂ · A) remain invariant, respectively. One can check that, under the
above infinitesimal transformations (2), the Lagrangian density transforms as follows:
δgL(1) = − (∂ · A) (Ω), δdgL(1) = E (Σ). (3)
We note that the Lagrangian density remains invariant under the above symmetry trans-
formations (2) if we impose the conditions  Ω(x) = 0 and  Σ(x) = 0 from outside.
However, we obtain a perfect symmetry invariance of the modified version of the above La-
grangian density within the framework of BRST formalism where the (dual-)gauge symme-
try transformations are generalized to their counterparts (anti-)co-BRST and (anti-)BRST
symmetries. The latter symmetries are nothing but the supersymmetric type (on-shell as
well as off-shell nilpotent) symmetry transformations (see, e.g., [10–12]).
In two dimensions of spacetime, the self-duality condition on the Abelian 1-form gauge
connection is defined in terms of the Hodge duality (∗) operation as
∗ A(1) = dxµ (− εµν A
ν) ≡ dxµ A˜µ. (4)
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Thus, we observe that A˜µ = − εµνA
ν . Under the transformation Aµ → A˜µ = − εµνA
ν , it
can be checked that L(1) → −L(1) because of the fact that (∂ ·A)↔ E. As a consequence,
the Lagrangian density L(1) is not self-duality invariant. However, it is obvious that, under
the discrete symmetry transformations Aµ → ∓ i εµνA
ν , we have L(1) → L(1). These dis-
crete symmetry transformations are at the heart of the existence of dual-gauge symmetry
transformations in the theory. The former provides a physical realization of the Hodge
duality (∗) operation of differential geometry [10–12]. Furthermore, these symmetries are
the reasons behind the existence of exactly similar kind of restrictions on the (dual-)gauge
parameters Σ(x) and Ω(x) for the (dual-)gauge invariance of L(1) [cf. (3)]. The above
continuous and discrete symmetries have been exploited in the case of (non-)interacting 2D
Abelian theories within the framework of BRST formalism and these theories have been
shown to be the models for the Hodge theory (see, e.g., [10–12]) as, the interplay of these
symmetries, provide the physical realizations of all aspects of the de Rham cohomological
operators of differential geometry [17–20] in terms of the above physical symmetry trans-
formations. It will be noted that the discrete symmetries exist only in the Feynman gauge.
Thus, the most symmetric theory (respecting the discrete as well as continuous symmetries)
picks up the Feynman gauge in a very clear fashion.
Against the above backdrop, let us look at the 4D free Abelian 2-form gauge theory
which is described by the gauge-fixed Lagrangian density (in the Feynman gauge) as
L(2) =
1
12
Hµνη H
µνη +
1
2
(∂µB
µν) (∂ηBην), (5)
where Hµνη = ∂µBνη+∂νBηµ+∂ηBµν is the totally antisymmetric curvature tensor derived
from the 3-form [H(3) = dB(2) = (1/3!) (dxµ∧dxν ∧dxη) Hµνη]. The latter is obtained from
the application of the exterior derivative d on the 2-form [B(2) = 1
2!
(dxµ ∧ dxν) Bµν ] anti-
symmetric (Bµν = −Bνµ) tensor gauge field Bµν . The gauge-fixing term (in the Feynman
gauge) can be obtained by the action of the co-exterior derivative δ on the 2-form gauge
field [δB(2) = (∂νBνµ)dx
µ]. The above Lagrangian density (5) transforms as
δgL(2) = (∂µB
µν)
[
 Ων − ∂ν(∂ · Ω)
]
,
δdgL(2) =
1
3!
εµνηκ H
µνη
[
 Σκ − ∂κ(∂ · Σ)
]
, (6)
under the following gauge- and dual-gauge transformations:
δgBµν = (∂µΩν − ∂νΩµ), δgHµνη = 0,
δdgBµν = εµνηκ∂
ηΣκ, δdg(∂
µBµν) = 0, (7)
where Ωµ(x) and Σµ(x) are the infinitesimal local gauge- and dual-gauge parameters and
εµνηκ is the 4D Levi-Civita tensor with ε0123 = +1 ≡ − ε
0123. Furthermore, we note that
εµνηκ ε
µνηκ = − 4!, εµνηκ ε
µνηλ = − 3! δλκ , εµνηκ ε
µνλρ = − 2!
(
δλη δ
ρ
κ − δ
λ
κ δ
ρ
η
)
, etc. The
key features of the above continuous (dual-)gauge transformations are the invariance of the
gauge-fixing and kinetic terms, respectively. We note that, for the (dual-)gauge invariance
in the theory, we have to impose  Σµ−∂µ(∂ ·Σ) = 0, Ωµ−∂µ(∂ ·Ω) = 0 in equation (6)
from outside. However, these restrictions are not required within the framework of BRST
formalism and there exists a perfect symmetry in the theory (see, e.g., [13–16]).
6
The Hodge duality (∗) operation can be defined on the Abelian 2-form B(2) (on the 4D
flat spacetime manifold) as:
∗ B(2) =
1
2!
(dxµ ∧ dxν)
(
1
2!
εµνηκB
ηκ
)
≡
1
2!
(dxµ ∧ dxν) B˜µν ,
B˜µν =
1
2!
εµνηκ B
ηκ. (8)
It turns out that the gauge-fixed Lagrangian density (5) respects the discrete symmetry
transformations Bµν → ±
i
2
εµνηκB
ηκ
(
i.e. L(2) → L(2)
)
because the kinetic and gauge-
fixing terms exchange with each-other
[
i.e. 1
12
HµνηHµνη ←→
1
2
(∂µB
µν)(∂ηBην)
]
. It is clear
from (8) that the existence of this discrete symmetry transformations owes its origin to
the self-duality (Hodge duality) condition. We further point out that the above (dual-)
gauge symmetry transformations as well as discrete symmetry transformations have been
exploited within the framework of BRST formalism and, in our earlier works [13–16], it has
been established that the Abelian 2-form gauge theory is a field theoretic model for the
Hodge theory in the 4D Minkowskian flat spacetime (as it provides the physical realizations
of the de Rham cohomological operators of differential geometry).
We wrap of this subsection with the remark that the existence of the discrete symmetry
transformations for the 2D Abelian 1-form and 4D Abelian 2-form theories owes its origin
to the self-duality conditions on the 1-form and 2-form gauge fields as illustrated in this
subsection. The existence of these discrete symmetry transformations are also the root-
cause of the presence of off-shell as well as on-shell nilpotent (dual-)BRST as well as (anti-)
dual BRST symmetries in the theory.
2.2 2D Abelian 1-form gauge theory: A perfect model for a TFT
It is well-known that 2D Abelian 1-form (A(1) = dxµAµ) gauge field Aµ has, to begin with,
only two degrees of freedom (d.o.f.). However, these d.o.f. can be gauged away due to
the masslessness condition and the presence of gauge symmetry in the theory [25,26,27].
Thus, it becomes a topological field theory (TFT) where there are no propagating degrees
of freedom. In our earlier works [23], it has been established that the 2D Abelian 1-form
theory provides a tractable field theoretical model of a new class of TFT that captures a
few aspects of Witten type TFT as well as some salient features of Schwarz type TFT.
In this proof, the existence of the nilpotent and absolutely anticommuting (anti-)co-BRST
and (anti-)BRST symmetries play a very important role.
It is elementary to check that the following (anti-)BRST symmetries (s(a)b) and (anti-)
co-BRST [or (anti-)dual-BRST] symmetries (s(a)d):
sbAµ = ∂µC, sbC = 0, sbC¯ = −i (∂ · A), sbE = 0,
sabAµ = ∂µC¯, sabC¯ = 0, sabC = +i (∂ · A), sabE = 0,
sdAµ = −εµν∂
νC¯, sdC¯ = 0, sdC = −i E, sd(∂ · A) = 0,
sadAµ = −εµν∂
νC, sadC = 0, sadC¯ = +i E, sad(∂ · A) = 0, (9)
leave the following Lagrangian density [10]:
L(b) =
1
2
E2 −
1
2
(∂ · A)2 − i∂µC¯ ∂
µC, (10)
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quasi-invariant (i.e. sbL(b) = −∂µ[(∂ · A)∂
µC], sabL(b) = −∂µ[(∂ · A)∂
µC¯], sdL(b) =
∂µ[E ∂
µC¯], sadL(b) = ∂µ[E ∂
µC]) because it transforms to the total spacetime derivatives.
Hence, the action integral S =
∫
d2x L(b) remains invariant for physically well-defined fields
that vanish off at infinity. In the above, the symbol L(b) stands for the BRST-invariant
Lagrangian density corresponding to the gauge-fixed Lagrangian density in (1) and (C¯)C
are the fermionic (i.e. C¯2 = C2 = 0, C C¯+C¯ C = 0) (anti-)ghost fields with ghost numbers
(−1) + 1, respectively.
The salient features of the above symmetries are
(i) They are on-shell (C = C¯ = 0) nilpotent of order two (s2(a)b = 0, s
2
(a)d = 0) and
absolutely anticommuting (sb sab+ sab sb = 0, sd sad+ sad sd = 0) in nature where the
equations of motion are imposed for its proof.
(ii) The kinetic term [(1/2)E2], for the free 2D Abelian theory, remains invariant under
the (anti-)BRST symmetry transformations. On the contrary, it is the gauge-fixing
term [−(1/2)(∂ ·A)2] that remains unchanged under the (anti-)co-BRST transforma-
tions.
(iii) The kinetic and gauge-fixing terms owe their origin to the exterior (d = dxµ ∂µ) and
co-exterior (δ = − ∗ d∗) derivative because:
dA(1) =
1
2!
(dxµ ∧ dxν)Fµν , Fµν = ∂µAν − ∂νAµ,
δ A(1) = − ∗ d ∗ A(1) = (∂ · A), (11)
where Fµν has only one non-vanishing component (F01 = E) in 2D (which is an
electric field and it is a pseudo-scalar).
(iv) The nomenclature of (anti-)BRST and (anti-)co-BRST symmetries have their genesis
in the exterior (d = dxµ ∂µ) and co-exterior (δ = − ∗ d∗) derivatives of differential
geometry which are nilpotent of order two.
(v) Under the (anti-)BRST symmetries, it is the combination of the gauge-fixing and
Faddeev-Popov (FP) ghost terms that become total spacetime derivatives. On the
other hand, is the kinetic and FP ghost terms that lead to the emergence of a total
spacetime derivative in the case of on-shell nilpotent (anti-)co-BRST symmetries.
(vi) The nilpotency of the (anti-)BRST and (anti-)co-BRST symmetries owe their origin
to the nilpotency of the (co-)exterior derivatives.
(vii) Within the framework of the BRST formalism, there is no restriction from outside as
(anti-)BRST and (anti-)co-BRST symmetries are perfect symmetries of the theory.
(viii) The self-duality condition (4) and ensuing discrete symmetry of the Lagrangian den-
sity (1) can be generalized to:
Aµ −→ ± i εµν A
ν C −→ ± i C¯, C¯ −→ ± i C, (12)
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which turn out to be the symmetry of the Lagrangian density (10) and it can checked
that
s(a)d φ = ± ∗ s(a)b ∗ φ, φ = Aµ, C, C¯, (13)
where (∗) is the discrete symmetry transformations (12) and s(a)d as well as s(a)b
are given in (9). The relation (13) provides the realization of the relationships δ =
± ∗ d ∗. The (±) signs in (13) are decided by a couple of successive discrete symmetry
transformations (12) on the generic field φ, namely;
∗ ∗ (φ) = ±φ, φ = Aµ, C, C¯. (14)
This should be contrasted with (±) signs present in δ = ± ∗ d ∗ which are dictated
by the dimensionality of the spacetime manifold and degree of the form involved in
the inner product on this very manifold.
The Lagrangian density L(b) can be expressed in the following two different ways
L(b) = sb (i T1) + sd (i T2) + ∂µY
µ
= sab (i P1) + sad (i P2) + ∂µY
µ, (15)
where T1 = (1/2)EC, T2 = −(1/2) (∂ · A) C¯, P1 = (i/2)E C¯, P2 = −(i/2) (∂ · A)C
and the expression for Y µ is: Y µ = (i/2) ∂µ[C¯ C] ≡ (i/2) [(∂µC¯)C + C¯(∂µC)]. Thus, in
its appearance, the Lagrangian density (15) is similar to the case of Witten-type TFT
because it is able to be expressed, modulo a total spacetime derivative, as the sum of the
(anti-)BRST and (anti-)co-BRST exact symmetries. However, we note that there is no
topological shift symmetry in our theory which is the benchmark of a Witten-type TFT.
Furthermore, we point out that the appearance (15) is not like the Schwarz-type TFT
because there is no piece in the Lagrangian density which can not be expressed in terms of
the (anti-)BRST and (anti-)co-BRST symmetry transformations. However, the symmetries
of the theory (where there is no topological shift symmetry) is just like the Schwarz-type
TFT. Thus, our present 2D free Abelian 1-form theory belongs to a new class of TFT which
captures some aspects of Witten-type TFT and a few properties of the Schwarz-type TFT.
To re-confirm the perfect topological nature of our present theory, we note that the
following two topological invariants:
Ik =
∮
Ck
Vk, Jk =
∮
Ck
Wk, (16)
where Ck are the k-dimensional homology cycles in the 2D spacetime manifold and Vk and
Wk are the k-forms that are defined in terms of the fields of the theory. The on-shell BRST
invariant k-forms (k = 0, 1, 2) on the 2D spacetime manifold are
V0 = −(∂ ·A)C,
V1 = (dx
µ)
[
i C ∂µC¯ − (∂ ·A)Aµ
]
,
V2 =
(dxµ ∧ dxν
2!
) [
i Aµ ∂νC¯ − iAν ∂µC¯ − i C¯ Fµν
]
. (17)
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The counterparts of (14), w.r.t. the on-shell co-BRST invariant k-forms (k = 0, 1, 2) on
the above 2D spacetime manifold, are
W0 = E C¯,
W1 = (dx
µ)
[
εµν C¯ ∂
νC − iE Aµ
]
,
W2 =
(dxµ ∧ dxν
2!
) [
i εµν(∂ · A)C + i εµρ ∂
ρC Aν − i ενρ ∂
ρC Aµ
]
. (18)
The above topological invariants obey the following recursion relations:
sb Vk = dVk−1, sdWk = δWk−1, (19)
where k = 1, 2 for the k-forms. It is obvious that we shall also have relations like (19)
for the topological invariants w.r.t. the on-shell nilpotent anti-BRST and anti-co-BRST
charges (see, e.g. [23,10] for details).
We wrap up this section with the remarks that our present 2D free Abelian 1-form gauge
theory is a tractable field theoretic model for a new type of TFT where the form of the
Lagrangian density is like Witten-type TFT but the nilpotent symmetries of the theory are
just like the Schwarz-type TFT. In our earlier works [10], it has been demonstrated that the
2D free Abelian 1-form gauge theory is a perfect model for the Hodge theory because all the
de Rham cohomological operators of differential geometry find their physical realizations
in the language of symmetry properties of the theory (and their corresponding charges).
In our present endeavor, we have concisely mentioned only the topological aspects of this
theory and clarified the mathematical origin of the discrete symmetry in this theory. The
cohomological aspects of the 2D Abelian 1-form theory can be found in earlier work [10].
2.3 Abelian 2-form gauge theory: A model for the q-TFT
It is well-known that 4D free Abelian 2-form gauge field (Bµν) has one degree of freedom.
Thus, it can not be a TFT. However, it was speculated that, perhaps, this d.o.f. can also
be gauged away if there are several symmetries in the theory. In our previous works [14], it
has been well-established that this 4D field theory is a perfect model for the Hodge theory.
We have also discussed a few points connected with the topological nature of this theory.
In this section, however, we shall concisely focus on the salient features of the topological
aspects of 4D free Abelian 2-form theory and show that it is a possible candidate for
the field theoretic model for a quasi-topological field theory (q-TFT) in the physical four
dimensions of spacetime.
We begin with the following Lagrangian density for the free 4D Abelian 2-form theory
which incorporates the gauge-fixing and FP ghost terms [28]:
L
(0)
b =
1
2
(∂σBσµ − ∂µ φ1) (∂ρB
ρµ − ∂µφ1)− ∂µβ¯ ∂
µβ
−
1
2
(1
2
εµνηκ∂
νBηκ − ∂µφ2
)(1
2
εµζρσ∂ζBρσ − ∂
µφ2
)
+ (∂µC¯ν − ∂νC¯µ) (∂
µCν)−
1
2
(∂ · C¯) (∂ · C), (20)
10
where (C¯µ)Cµ fields are the Lorentz-vector and fermionic (Cµ C¯ν+C¯ν Cµ = 0, C
2
µ = C¯
2
µ = 0,
etc.) (anti-)ghost fields and (β¯)β are the bosonic (anti-)ghost fields. Here the massless
(φ1 = 0) field φ1 is a scalar field that has been used for the linearization of the gauge-
fixing term and the massless (φ2 = 0) pseudo-scalar field φ2 has been introduced to
linearize the kinetic term of the free Abelian 2-form gauge field. The fields φ1 and φ2 are
required for the most general form of linearization of the gauge-fixing and kinetic terms. We
have discussed about these aspects of linearization in our earlier works [14,28]. The ghost
numbers for the fields (C¯µ)Cµ are (−1)+1 and, for (β¯)β, we have (−2)+2 because the latter
are the ghost-for-ghost fields which are required because of the stage-one reducibility in the
Abelian 2-form theory. The theory becomes unitary because of the presence of all these
(anti-)ghost fields. The Lagrangian density (20) is the generalized form of the starting
Lagrangian density (5) for the 4D free Abelian 2-form gauge theory where appropriate
linearizations have been performed (see, e.g. [28,14] for details)
The above Lagrangian density (20) is endowed with the following (anti-)BRST symme-
try transformations [28,24]:
sbBµν = (∂µCν − ∂νCµ), sbCµ = ∂µβ, sbC¯µ = (∂
νBνµ − ∂µφ1),
sbφ1 =
1
2
(∂ · C), sbβ¯ = −
1
2
(∂ · C¯), sb(β, φ2, Hµνη) = 0,
sabBµν = (∂µC¯ν − ∂νC¯µ), sabC¯µ = −∂µβ¯, sabCµ = −(∂
νBνµ − ∂µφ1),
sabφ1 =
1
2
(∂ · C¯), sabβ = −
1
2
(∂ · C), sab(β¯, φ2, Hµνη) = 0, (21)
because the Lagrangian density (20) transforms to the total spacetime derivatives:
sbL
(0)
(b) = ∂µ
[1
2
(∂ · C¯)(∂µβ) +
1
2
(∂µφ1)(∂ · C)− (∂
µ Cν − ∂ν Cµ)(∂νφ1)
−
1
2
(∂κB
κµ)(∂ · C) + (∂κBκν)(∂
µ Cν − ∂ν Cµ)
]
,
sabL
(0)
(b) = ∂µ
[1
2
(∂ · C)(∂µβ¯) +
1
2
(∂µφ1)(∂ · C¯)− (∂
µ C¯ν − ∂ν C¯µ)(∂νφ1)
−
1
2
(∂κB
κµ)(∂ · C¯)− (∂κBκν)(∂
µ C¯ν − ∂ν C¯µ)
]
. (22)
There is yet another set of nilpotent symmetries in the theory which have been christened
as the (anti-)co-BRST [or (anti-)dual-BRST] symmetries. These are:
sdBµν = εµνηκ∂
ηC¯κ, sdC¯µ = −∂µβ¯, sdCµ =
(1
2
εµνηκ∂
νBηκ − ∂µφ2
)
,
sdφ2 = +
1
2
(∂ · C¯), sdβ = −
1
2
(∂ · C), sd(β¯, φ1, ∂
µBµκ) = 0,
sadBµν = εµνηκ∂
ηCκ, sadCµ = ∂µβ, sadC¯µ = −
(1
2
εµνηκ∂
νBηκ − ∂µφ2
)
,
sadφ2 = +
1
2
(∂ · C), sadβ¯ = +
1
2
(∂ · C), sad(β, φ1, ∂
µBµκ) = 0, (23)
under which the Lagrangian density (20) transforms to the total spacetime derivatives as
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listed below:
sdL
(0)
(b) = = ∂µ
[1
2
(
1
2
εµνηκ ∂ν Bηκ − ∂
µφ2
)
(∂ · C¯) +
1
2
(∂ · C)(∂µβ¯)
−
(
1
2
ενηκρ ∂
η Bκρ − ∂νφ2
)
(∂µ C¯ν − ∂ν C¯µ)
]
,
sadL
(0)
(b) = = ∂µ
[1
2
(
1
2
εµνηκ ∂ν Bηκ − ∂
µφ2
)
(∂ · C) +
1
2
(∂ · C¯)(∂µβ)
−
(
1
2
ενηκρ ∂
η Bκρ − ∂νφ2
)
(∂µ Cν − ∂ν Cµ)
]
, (24)
which demonstrate that the action integral S =
∫
d4xL
(0)
(b) remains invariant for the phys-
ical fields that vanish off at infinity. The key features of the (anti-)co-BRST continuous
symmetry transformations are
(i) The symmetries are on-shell nilpotent (s2(a)d = 0) of order two and they are absolutely
anticommuting in nature (i.e. sd sad+ sad sd = 0) where we have to use the equations
of motion [28,24].
(ii) The kinetic term Hµνη [or (
1
2
εµνηκ ∂
νBηκ − ∂µφ2)] remains invariant under the (anti-
)BRST symmetry transformations s(a)b. On the other hand, it is the gauge-fixing
term (∂µBµν − ∂νφ1) that remains invariant under the (anti-)co-BRST symmetry
transformations.
(iii) The curvature term Hµνη, in the kinetic term, owes its origin to the exterior deriva-
tive. On the contrary, the gauge-fixing term ∂µBµν has its genesis in the co-exterior
derivative of differential geometry.
(iv) The nomenclatures of the (anti-)BRST and (anti)co-BRST symmetry transformations
come from the invariances of the kinetic and gauge-fixing terms (that owe their origin
to the exterior and co-exterior derivatives) under the (anti-)BRST and (anti-)co-
BRST symmetry transformations, respectively.
(v) The nilpotency (d2 = δ2 = 0) of the (co-)exterior derivative (δ)d plays an impor-
tant role in the reasons behind the nilpotency of (anti-)co-BRST and (anti-)BRST
symmetry transformations.
(vi) Within the framework of BRST formalism, there are no restrictions like (6) on any
fields of the theory because (anti-)BRST and (anti-)co-BRST symmetries are perfect
symmetries of the action integral. The self-duality condition (8) ensuing the discrete
symmetry transformations Bµν → ±
i
2
εµνηκ B
ηκ can be generalized to
Bµν = ±
i
2
εµνηκ B
ηκ, φ1 → ± i φ2, φ2 → ∓ i φ1,
β → ∓ i β¯, β¯ → ± i β, Cµ → ± i C¯µ, C¯µ → ± i Cµ. (25)
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Under the above transformations, the Lagrangian density (20) remains invariant. It
can be checked that we have the following relationship
s(a)d Φ = ± ∗ s(a)b ∗ Φ, Φ = Bµν , Cµ, C¯µ, β, β¯, φ1, φ2, (26)
where (∗) is the transformations (25) and s(a)b as well as s(a)d are given in (21) and
(22). This relation (26) provides the realization of δ = ± ∗ d ∗.
To demonstrate that our present theory is a quasi-TFT (q-TFT), first of all, we observe
that the following k-forms (k = 0, 1, 2, 3, 4) w.r.t. the on-shell nilpotent BRST symmetry
transformations (18) are [24]
V0(+2) = (∂ · B)β,
V1(+1) = dx
µ
[
∂µ(∂ · C¯) β + (∂ · B)Cµ
]
,
V2(0) =
1
2!
(dxµ ∧ dxν)
[
∂µ(∂ · C¯)Cν − ∂ν(∂ · C¯)Cµ +Bµν (∂ · B)
]
,
V3(−1) =
1
3!
(dxµ ∧ dxν ∧ dxη)
[
∂µ(∂ · C¯)Bνη + ∂ν(∂ · C¯)Bηµ
+ ∂η(∂ · C¯)Bµν + (∂ · C¯)Hµνη
]
,
≡ d
[ 1
2!
(dxµ ∧ dxν) (∂ · C¯)Bµν
]
,
V4(−2) = 0, (27)
where the numbers in the round brackets, on the l.h.s., denote the ghost numbers of the
invariants and Bµ = (∂
νBνµ−∂µφ1). The above forms obey the following recursion relations
that are characteristic features of a TFT:
sb Ik = d Ik−1, k = 1, 2, 3, 4. (28)
Here Ik =
∮
Ck
Vk are the topological invariants.
It is clear that the 0-form V0 is a BRST-invariant quantity because sbV0 = sb[∂
µ(∂νBνµ−
∂µφ1)β] = 0 and 3-form is an exact form because it is a total derivative. Hence, there is no
4-form in the theory even though this theory is defined on a 4D spacetime manifold. One
can derive the invariants w.r.t. the anti-BRST symmetry transformations by exchanging
the ghost and anti-ghost fields of the theory with suitable constant factors.
One can also enumerate the invariants Jk =
∮
Ck
Wk w.r.t. the on-shell nilpotent anti-
co-BRST symmetries. These forms Wk (with k = 0, 1, 2, 3, 4) are [24]
W0(−2) = (∂ · B)β¯,
W1(−1) = dx
µ
[
∂µ(∂ · C) β¯ − (∂ · B) C¯µ
]
,
W2(0) =
1
2!
(dxµ ∧ dxν)
[1
2
εµνηκB
ηκ (∂ · B)− ∂µ(∂ · C) C¯ν + ∂ν (∂ · C) C¯µ
]
,
W3(+1) =
1
4
(dxµ ∧ dxν ∧ dxη) ενηκσ
[
∂µ(∂ · C)B
κσ + (∂ · C) ∂µB
κσ
]
,
≡ d
[1
4
(dxµ ∧ dxν) (∂ · C) εµνκσ B
κσ
]
,
W4(+2) = 0 (d
2 = 0), (29)
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where Bµ =
1
2
εµνηκ ∂
νBηκ − ∂µ φ2 and the numbers in the round brackets (on the l.h.s.)
denote the ghost numbers of the corresponding invariants of the theory. We note that
4-form, w.r.t. the co-BRST symmetries, also turns out to be zero because its predecessor
3-form W3(+1) is an exact form. These invariants also obey the appropriate recursion
relations (i.e. sdWk = δWk−1).
Finally, we concentrate on the structures of the Lagrangian density (20) in terms of
the (anti-)BRST and (anti-)co-BRST symmetry transformations and try to see whether
this could be expressed as the sum of (anti-)BRST and (anti-)co-BRST exact form modulo
some total derivative. In this connection, we note that the following is true [24]
sd
[1
2
C¯µ(∂νBνµ) +
1
2
(∂ · C) β¯ +
1
2
(∂ · C¯)φ1
]
+sb
[
−
1
2
(∂ · C¯) β −
1
4
Cµ (εµνηκ ∂
νBηκ)−
1
2
(∂ · C)φ2
]
=
1
2
(∂νBνµ − ∂µφ1)(∂ρB
ρµ − ∂µφ1)− ∂µβ¯ ∂
µβ
−
1
2
(1
2
εµνηκ∂
νBηκ − ∂µφ2
)(1
2
εµξρσ∂ξBρσ − ∂
µφ2
)
+
(
∂µC¯ν − ∂νC¯µ
)
(∂µ Cν)−
(1
2
+
1
2
)
(∂ · C¯)(∂ · C) + ∂µX
µ, (30)
where the explicit expansion for Xµ is
Xµ =
1
2
[(
∂νB
νµ − ∂µφ1
)
φ1 + ∂
µ
(
β¯ β
)
+
(1
2
εµνηκ ∂νBηκ − ∂
µ φ2
)
φ2
−C¯ν
(
∂µCν − ∂νCµ
)
−
(
∂µC¯ν − ∂νC¯µ
)
Cν
]
. (31)
A close look at (30) and its comparison with (20) shows that only the last term in (30) is
different from the Lagrangian density (20). Thus, we conclude that the Lagrangian density
(20) can not be expressed precisely as the sum of the BRST and co-BRST exact terms. It
is also clear now that the symmetric energy momentum tensor for this theory can not be
expressed as the sum of BRST and co-BRST exact terms. Hence, we infer that the 4D
Abelian 2-form gauge theory is a perfect model for the Hodge theory but it can be treated
only as a model for the q-TFT because its properties are similar to a perfect TFT but
the Lagrangian density of this theory can not be expressed as the exact sum of underlying
BRST and co-BRST symmetries (cf. Sec. 8 also).
2.4 Abelian 3-form gauge theories: Symmetries
Let us begin with the following gauge-fixed Lagrangian density for the 6D Abelian 3-form
gauge theory in the Feynman gauge (see, e.g., [21,22] for details)
L(3) =
1
24
HµνηκHµνηκ +
1
2
(∂µA
µνη) (∂ρAρνη), (32)
where the curvature tensor Hµνηκ = ∂µAνηκ − ∂νAηκµ + ∂ηAκµν − ∂κAµνη (of the kinetic
term for the gauge field Aµνη) is derived from the following 4-form
H(4) = dA(3) =
1
4!
(dxµ ∧ dxν ∧ dxη ∧ dxκ)Hµνηκ. (33)
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Here d = dxµ∂µ is the exterior derivative and 3-form A
(3) = 1
3!
(dxµ∧dxν∧dxη)Aµνη defines
the totally antisymmetric tensor gauge field Aµνη. The gauge-fixing term of (32) has its
origin in the co-exterior derivative δ = − ∗ d ∗ as δA(3) = 1
2!
(dxµ ∧ dxν) (∂ηAηµν) where
∗ is the Hodge duality operation defined on the 6D Minkowskian flat spacetime manifold.
We define the following local, infinitesimal and continuous (dual-)gauge transformations
(δdg, δg):
δdgAµνη =
1
2!
εµνηκρσ ∂
κΣρσ, δdg(∂
ηAηµν) = 0,
δgAµνη = ∂µΩνη + ∂νΩηµ + ∂ηΩµν , δgHµνηκ = 0, (34)
where Σµν(x) and Ωµν(x) are the (dual-)gauge parameters in the theory. Totally antisym-
metric 6D Levi-Civita tensor satisfies εµνηκλρ ε
µνηκλρ = − 6!, εµνηκλρ ε
µνηκλσ = − 5! δσρ , etc.,
and we have chosen ε012345 = +1 = − ε
012345. We note that the gauge-fixing and kinetic
terms, owing their origin to the (co-)exterior derivatives, remain invariant under the (dual-)
gauge transformations, respectively. Furthermore, we obtain the following transformations
for the Lagrangian density L(3) under the (dual-)gauge transformations (34), namely;
δdgL(3) = −
1
4!
εµνηκρσ H
µνηκ
[
Σρσ + ∂ρ(∂λΣ
σλ)− ∂σ(∂λΣ
ρλ)
]
,
δgL(3) = (∂µA
µνη)
[
Ωνη + ∂ν(∂
ρΩηρ)− ∂η(∂
ρΩνρ)
]
. (35)
Thus, we observe that, for the (dual-)gauge invariance, exactly similar kind of restrictions
must be imposed on the (dual-)gauge parameters Σµν(x) and Ωµν(x):
Σµν + ∂µ (∂
λΣνλ)− ∂ν (∂
λΣµλ) = 0,
Ωµν + ∂µ (∂
λΩνλ)− ∂ν (∂
λΩµλ) = 0. (36)
The reason behind these restrictions is the existence of a discrete symmetry invariance in
the theory which we elaborate below in an explicit manner.
Let us consider the self-duality condition for the Abelian 3-form connection A(3) in the
language of the Hodge duality (∗) operation (defined on a 6D Minkowskian manifold) as
follows:
∗ A(3) =
1
3!
(dxµ ∧ dxν ∧ dxη) A˜µνη, A˜µνη = −
1
3!
εµνηκρσ A
κρσ. (37)
As we have seen the importance of self-duality transformations in the context of 2D Abelian
1-form and 4D 2-form gauge theories, under the following discrete transformations:
Aµνη −→ ±
i
3!
εµνηκρσ A
κρσ, (38)
the Lagrangian density L(3) remains invariant. We note, once again, that the symmetry
transformations (38) owe their mathematical origin to the self-duality condition (37). In
fact, the self-duality condition (37) is the root-cause for the existence of dual-gauge symme-
try transformations in the theory and the derivation of similar kind of restrictions in (36).
We would like to lay emphasis on the fact that the discrete symmetry transformations (38)
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would provide the physical realizations of the Hodge duality (∗) operation of differential
geometry as we shall see later in the context of BRST formalism (see, Sect. 7 below). It is
to be re-emphasized that the discrete symmetries are true only in the Feynman gauge.
We can linearize the kinetic and gauge-fixing terms by invoking the Nakanishi-Lautrup
type auxiliary fields Kµν and Kµν as given below:
L(K) =
1
2
KµνKµν −K
µν
(
1
4!
εµνηκρσ H
ηκρσ
)
+ Kµν (∂ηAηµν)−
1
2
KµνKµν . (39)
The gauge- and dual-gauge transformations (δg, δdg), for the fields of this linearized version
of the gauge-fixed Lagrangian density, are
δgAµνη = ∂µΩνη + ∂νΩηµ + ∂ηΩµν , δgHµνηκ = 0,
δgKµν = 0, δgKµν = 0,
δdgAµνη =
1
2!
εµνηκρσ ∂
κΣρσ, δdg(∂
ηAηµν) = 0,
δdgKµν = 0, δdgKµν = 0. (40)
One can check that, under the above infinitesimal (dual-)gauge symmetry transformations,
the Lagrangian density L(K) transforms as:
δdgL(K) = −K
µν
[
Σµν + ∂µ(∂
ηΣνη)− ∂ν(∂
ηΣµη)
]
,
δgL(K) = K
µν
[
Ωµν + ∂µ(∂
ηΩνη)− ∂ν(∂
ηΩµη)
]
. (41)
Thus, once again, the restrictions (36) have to be imposed for the (dual-)gauge invariance
of L(K). This is due to the self-duality invariance in the theory.
The generalization of the discrete symmetry transformations (38) can be written for the
Lagrangian density L(K), in terms of its fields, as
Kµν → ± iKµν , Kµν → ± iKµν , Aµνη → ±
i
3!
εµνηκρσ A
κρσ. (42)
It is interesting to point out that the Lagrangian density (39) can be further generalized
by incorporating the Lorentz vector fields φ
(1)
µ and φ
(2)
µ as given below:
L(φ,K) =
1
2
KµνKµν −K
µν
(
1
4!
εµνηκρσ H
ηκρσ +
1
2
[
∂µφ
(2)
ν − ∂νφ
(2)
µ
])
−
1
2
KµνKµν +K
µν
(
∂ηAηµν +
1
2
[
∂µφ
(1)
ν − ∂νφ
(1)
µ
])
, (43)
L(φ,K¯) =
1
2
K¯µνK¯µν + K¯
µν
(
1
4!
εµνηκρσ H
ηκρσ −
1
2
[
∂µφ
(2)
ν − ∂νφ
(2)
µ
])
−
1
2
K¯µνK¯µν − K¯
µν
(
∂ηAηµν −
1
2
[
∂µφ
(1)
ν − ∂νφ
(1)
µ
])
, (44)
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where K¯µν and K¯µν are the additional Nakanishi-Lautrup auxiliary fields that have been
invoked for the most general form of the gauge-fixed Lagrangian densities. It should be
mentioned here that we have freedom to add/subtract the 2-forms: F (2) = dΦ(1) = 1
2
(
dxµ∧
dxν
) [
∂µφ
(1)
ν − ∂νφ
(1)
µ
]
, F (2) = dΦ˜(1) = 1
2
(
dxµ ∧ dxν
) [
∂µφ
(2)
ν − ∂νφ
(2)
µ
]
to the 2-forms
∗ H(4) = 1
4!
(
dxµ ∧ dxν
)
εµνηκρσ H
ηκρσ and δA(3) = 1
2!
(
dxµ ∧ dxν
)
(∂ηAηµν) that are present
in the 6D Lagrangian density (39). The above coupled set of Lagrangian densities will be
further generalized for the BRST analysis of the present theory in the forthcoming sections.
The equations of motion that emerge from the Lagrangian density L(φ,K) are:
Kµν =
1
4!
εµνηκρσH
ηκρσ +
1
2
[
∂µφ
(2)
ν − ∂νφ
(2)
µ
]
, φ(2)µ − ∂µ
(
∂ · φ(2)
)
= 0,
Kµν = ∂
ηAηµν +
1
2
[
∂µφ
(1)
ν − ∂νφ
(1)
µ
]
, φ(1)µ − ∂µ
(
∂ · φ(1)
)
= 0,
∂µKνη + ∂νKηµ + ∂ηKµν +
1
2
εµνηκρσ ∂
κKρσ = 0, ∂µK
µν = 0,
∂µKνη + ∂νKηµ + ∂ηKµν +
1
2
εµνηκρσ ∂
κKρσ = 0, ∂µK
µν = 0,
Aµνη = 0, Kµν = 0, Kµν = 0, (45)
Furthermore, the equations of motion, that are derived from the coupled Lagrangian density
L(φ,K¯), are same as (45) except the following equations:
K¯µν = −
1
4!
εµνηκρσH
ηκρσ +
1
2
[
∂µφ
(2)
ν − ∂νφ
(2)
µ
]
, ∂µK¯
µν = 0,
K¯µν = −∂
ηAηµν +
1
2
[
∂µφ
(1)
ν − ∂νφ
(1)
µ
]
, K¯µν = 0,
∂µK¯νη + ∂νK¯ηµ + ∂ηK¯µν +
1
2
εµνηκρσ ∂
κK¯ρσ = 0, ∂µK¯
µν = 0,
∂µK¯νη + ∂νK¯ηµ + ∂ηK¯µν +
1
2
εµνηκρσ ∂
κK¯ρσ = 0, K¯µν = 0. (46)
We infer from the above equations that we have the following CF-type of restrictions:
Kµν + K¯µν = ∂µφ
(1)
ν − ∂νφ
(1)
µ , Kµν + K¯µν = ∂µφ
(2)
ν − ∂νφ
(2)
µ . (47)
The above CF-type of conditions are responsible for the equivalence of the Lagrangian den-
sity (43) and (44) which can be checked explicitly (modulo some total spacetime derivatives).
This is the reason that we call these Lagrangian densities as the coupled and equivalent
Lagrangian densities for our present 6D Abelian 3-form gauge theory [as they are equivalent
due to (47)].
The discrete symmetry transformations (42) can be further generalized for the coupled
Lagrangian densities (43) and (44) as given below:
Aµνη −→ ±
i
3!
εµνηκρσ A
κρσ, Kµν −→ ± i Kµν ,
Kµν −→ ± i Kµν , φ
(1)
µ −→ ± i φ
(2)
µ , φ
(2)
µ −→ ± i φ
(1)
µ , (48)
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Aµνη −→ ±
i
3!
εµνηκρσ A
κρσ, K¯µν −→ ± i K¯µν ,
K¯µν −→ ± i K¯µν , φ
(1)
µ −→ ± i φ
(2)
µ , φ
(2)
µ −→ ± i φ
(1)
µ . (49)
The above transformations are the symmetry transformations for the Lagrangian densi-
ties (43) and (44). Under the following continuous, local and infinitesimal (dual-)gauge
transformations
δdgAµνη =
1
2!
εµνηκρσ ∂
κΣρσ, δdgφ
(2)
µ = ∂
ηΣηµ + ∂µχ,
δdg
[
φ(1)µ , K¯µν , Kµν , Kµν , K¯µν , (∂
ηAηµν)
]
= 0,
δgAµνη = ∂µΩνη + ∂νΩηµ + ∂ηΩµν , δgφ
(1)
µ = ∂
ηΩηµ + ∂µζ,
δg
[
φ(2)µ , K¯µν , Kµν , Kµν , K¯µν , Hµνηκ,
]
= 0, (50)
the coupled Lagrangian densities (43) and (44) transform as:
δdgL(φ,K) = −K
µν
[
Σµν +
1
2
∂µ(∂
ηΣνη)−
1
2
∂ν(∂
ηΣµη)
]
,
δgL(φ,K) = K
µν
[
Ωµν +
1
2
∂µ(∂
ηΩνη)−
1
2
∂ν(∂
ηΩµη)
]
,
δdgL(φ,K¯) = K¯
µν
[
Σµν +
3
2
∂µ(∂
ηΣνη)−
3
2
∂ν(∂
ηΣµη)
]
,
δgL(φ,K¯) = −K¯
µν
[
Ωµν +
3
2
∂µ(∂
ηΩνη)−
3
2
∂ν(∂
ηΩµη)
]
. (51)
We note that the 2-forms F (2) = dΦ(1) and F (2) = d Φ˜(1), present in the Lagrangian densities
(43) and (44), permit us to have the vector U(1) gauge transformations Φ(1) −→ Φ
′(1) =
Φ(1) + d ζ (0) and Φ˜(1) −→ Φ˜
′(1) = Φ˜(1) + d χ(0). Thus, in the (dual-)gauge transformations
(50), we have included the (dual-)gauge parameters χ and ζ corresponding to the zero-forms
χ(0) and ζ (0). It can be checked that, under the following conditions:
Σµν +
1
2
∂µ(∂
ηΣνη)−
1
2
∂ν(∂
ηΣµη) = 0,
Ωµν +
1
2
∂µ(∂
ηΩνη)−
1
2
∂ν(∂
ηΩµη) = 0,
Σµν +
3
2
∂µ(∂
ηΣνη)−
3
2
∂ν(∂
ηΣµη) = 0,
Ωµν +
3
2
∂µ(∂
ηΩνη)−
3
2
∂ν(∂
ηΩµη) = 0, (52)
the Lagrangian densities L(φ,K) and L(φ,K¯) remain invariant. In the next section, we shall
see that these restrictions would not be required to be imposed on the theory (from outside)
within the framework of BRST formalism.
A close look at the 2D Abelian 1-form gauge theory, 4D Abelian 2-form gauge theory and
6D Abelian 3-form gauge theory allows us to generalize our results to an arbitrary Abelian
p-form gauge theory. We note that such general D-dimensional Abelian theories would
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have dual-gauge symmetry [and corresponding (anti-)dual-BRST symmetries] whenever
the condition: ∗ d
(
∗ A(p)
)
= δ A(p) is satisfied. This happens only when the dimension of
the spacetime turns out to be exactly equal to [(2p−1)+1] (i.e. D = 2p). In a very concise
manner, we discuss the self-duality condition for a general Abelian p-form gauge field in
D = 2p dimensions of spacetime for the gauge-fixed Lagrangian density in our Appendix
D. Of course the existence of the discrete symmetries would force us to pick up only the
Feynman gauge.
3 (Anti-)BRST symmetries: Conserved charges
The most general forms of the gauge-fixed coupled (but equivalent) Lagrangian densities
(43) and (44) can be obtained by incorporating the Faddeev-Popov ghost terms as [22]
L(b) =
1
2
Kµν K
µν −Kµν
(
1
4!
εµνηκρσH
ηκρσ +
1
2
[
∂µφ
(2)
ν − ∂νφ
(2)
µ
])
−
1
2
KµνKµν − BB2 +K
µν
(
∂ηAηµν +
1
2
[
∂µφ
(1)
ν − ∂νφ
(1)
µ
])
+
(
∂µC¯νη + ∂νC¯ηµ + ∂ηC¯µν
)(
∂µCνη
)
+
(
∂ · φ(1)
)
B1 −
1
2
B21 +
1
2
B23
−
(
∂ · φ(2)
)
B3 + (∂ · β¯)B − (∂µβ¯ν − ∂ν β¯µ)(∂
µβν)− (∂ · β)B2 − 2F¯
µfµ
+ (∂µC¯
µν + ∂νC¯1)fν − (∂µC
µν + ∂νC1)F¯ν − ∂µC¯2∂
µC2, (53)
L(b¯) =
1
2
K¯µν K¯
µν + K¯µν
(
1
4!
εµνηκρσ H
ηκρσ −
1
2
[
∂µφ
(2)
ν − ∂νφ
(2)
µ
] )
−
1
2
K¯µνK¯µν − BB2 − K¯
µν
(
∂ηAηµν −
1
2
[
∂µφ
(1)
ν − ∂νφ
(1)
µ
])
+
(
∂µC¯νη + ∂νC¯ηµ + ∂ηC¯µν
)(
∂µCνη
)
+
(
∂ · φ(1)
)
B1 −
1
2
B21 +
1
2
B23
−
(
∂ · φ(2)
)
B3 + (∂ · β¯)B − (∂µβ¯ν − ∂ν β¯µ)(∂
µβν)− (∂ · β)B2 − 2f¯
µFµ
− (∂µC¯
µν − ∂νC¯1)Fν + (∂µC
µν − ∂νC1)f¯ν − ∂µC¯2∂
µC2, (54)
where the fermionic antisymmetric tensor (anti-)ghost fields (C¯µν)Cµν [with ghost number
equal to (−1)+1], the bosonic Lorentz vector (anti-)ghost fields (β¯µ)βµ [with ghost number
(−2)+2], the Lorentz scalar fermionic (anti-)ghost fields (C¯2)C2 [with ghost number (−3)+
3] are required for the validity of unitarity in the theory. Furthermore, we have fermionic
auxiliary (anti-)ghost fields (F¯µ)Fµ and (f¯µ)fµ in the theory together with the (anti-)ghost
fields (C¯1)C1. All these fields have ghost number equal to (−1)+1. We have auxiliary fields
B,B1, B2, B3 also in our complete theory which are used for the specific linearizations.
Our present coupled and equivalent Lagrangian densities (53) and (54) differ slightly
from such Lagrangian densities in [29]. This is due to the fact that there are extra pieces
in (53) and (54) that were absent in the corresponding Lagrangian densities in [29]. These
terms are [−(∂ · φ(2))B3 + (1/2)B
2
3 ], [−2F¯
µfµ] and [−2f¯
µFµ] that are present in (53) and
(54). The term [−(∂ · φ(2))B3 + (1/2)B
2
3 ] is required for the gauge-fixing of the vector
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field φ
(2)
µ and other two terms [−2F¯ µfµ] and [−2f¯
µFµ] are required so that the CF-type
conditions (47) and (66) (see below) could be derived from (53) and (54). We discuss more
about these issues in our Appendix A and establish the root-cause of this difference.
We note that, under the following off-shell nilpotent (s2b = 0) supersymmetric type
BRST symmetry transformations (sb) (see, e.g., [21,22] for details)
sbAµνη = ∂µCνη + ∂νCηµ + ∂ηCµν , sbC¯µν = Kµν , sbCµν = ∂µβν − ∂νβµ,
sbK¯µν = ∂µfν − ∂νfµ, sbβ¯µ = F¯µ, sbβµ = ∂µC2, sbFµ = − ∂µB,
sbC¯2 = B2, sbC1 = −B, sbC¯1 = B1, sbφ
(1)
µ = fµ, sbf¯µ = ∂µB1,
sb
[
C2, fµ, F¯µ, B, B1, B2, B3, φ
(2)
µ , Kµν , Kµν , K¯µν , Hµνηκ
]
= 0, (55)
the Lagrangian density L(b) transforms to a total spacetime derivative as given below
sbL(b) = ∂µ
[
(∂µCνη + ∂νCηµ + ∂ηCµν) Kνη − (∂
µβν − ∂νβµ) F¯ν
+ Kµν fν +B1 f
µ +B F¯ µ − B2 (∂
µC2)
]
. (56)
Hence, the action integral S =
∫
d6x L(b) would remain invariant for the physically well-
defined fields of the theory which vanish off at infinity (due to Gauss’s divergence theorem).
Like the above BRST symmetry transformations, the Lagrangian density L(b¯) respects
an off-shell nilpotent (s2ab = 0) anti-BRST symmetry transformations (sab):
sabAµνη = ∂µC¯νη + ∂νC¯ηµ + ∂ηC¯µν , sabC¯µν = ∂µβ¯ν − ∂ν β¯µ, sabCµν = K¯µν ,
sabKµν = ∂µf¯ν − ∂ν f¯µ, sabβµ = Fµ, sabβ¯µ = ∂µC¯2, sabF¯µ = − ∂µB2,
sabC2 = B, sabfµ = −∂µB1, sabC1 = −B1, sabC¯1 = −B2, sabφ
(1)
µ = f¯µ,
sab
[
C¯2, f¯µ, Fµ, B, B1, B2, B3, φ
(2)
µ , K¯µν , Kµν , K¯µν , Hµνηκ
]
= 0. (57)
It can be checked that the Lagrangian density L(b¯) transforms, under the above transfor-
mations (57), to a spacetime total derivative as given below
sabL(b¯) = ∂µ
[
−(∂µC¯νη + ∂νC¯ηµ + ∂ηC¯µν) K¯νη + K¯
µν f¯ν
− (∂µβ¯ν − ∂ν β¯µ) Fν +B1 f¯
µ − B2 F
µ +B (∂µC¯2)
]
. (58)
Thus, the action integral in 6D spacetime
(
S =
∫
d6x L(b¯)
)
remains invariant for the
physically well-defined fields of the theory which fall off rapidly at infinity. To be explicit,
it is Gauss’s divergence theorem that implies that all fields of the r.h.s. of (58) will be
evaluated at infinity and, because of the physical arguments, these fields would go to zero
at infinity.
According to Noether’s theorem, the invariance of an action under the continuous sym-
metry transformations, leads to the existence of conserved currents. From the action prin-
ciple, it turns out that these Noether currents are conserved because of the validity of
Euler-Lagrange equations of motion (that also ensue from the least action principle). Ul-
timately, we have the following expressions for the conserved currents Jµ(ab) and J
µ
(b) for the
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(anti-)BRST symmetry invariance of the Lagrangian densities L(b¯), and L(b), namely;
Jµ(ab) =
1
2!
εµνηκλρ (∂νC¯ηκ) K¯λρ + K¯
µν f¯ν − (∂
µC¯νη + ∂νC¯ηµ + ∂ηC¯µν) K¯νη
+ (∂µCνη + ∂νCηµ + ∂ηCµν) (∂ν β¯η − ∂ηβ¯ν)− (∂
µβν − ∂νβµ) (∂νC¯2)
− B2 F
µ +B (∂µC¯2)− (∂
µβ¯ν − ∂ν β¯µ) Fν +B1 f¯
µ, (59)
Jµ(b) = −
1
2!
εµνηκλρ (∂νCηκ) Kλρ + (∂
µCνη + ∂νCηµ + ∂ηCµν) Kνη +K
µν fν
− (∂µC¯νη + ∂νC¯ηµ + ∂ηC¯µν) (∂νβη − ∂ηβν)− (∂
µβ¯ν − ∂ν β¯µ) (∂νC2)
+ B1 f
µ −B2 (∂
µC2)− (∂
µβν − ∂νβµ) F¯ν +B F¯
µ. (60)
The conservation law [∂µJ
µ
((a)b) = 0] for the (anti-)BRST currents could be proven by
exploiting the following Euler-Lagrange (E-L) equations of motion from L(b), namely;
Kµν = ∂
ηAηµν +
1
2
(
∂µφ
(1)
ν − ∂νφ
(1)
µ
)
, φ(1)µ + ∂µ
(
∂ · φ(1)
)
= 0,
Kµν =
1
4!
εµνηκλρ H
ηκλρ +
1
2
(
∂µφ
(2)
ν − ∂νφ
(2)
µ
)
, B1 = 0, B3 = 0,
1
2!
εµνηκλρ (∂
µKνη) = ∂κKλρ + ∂λKρκ + ∂ρKκλ, ∂µK
µν + ∂νB1 = 0,
1
2!
εµνηκλρ (∂
µKνη) = ∂κKλρ + ∂λKρκ + ∂ρKκλ, ∂µK
µν + ∂νB3 = 0,
C¯µν −
3
2
(
∂µF¯ν − ∂νF¯µ
)
= 0, C¯1 = 0, C2 = 0, C¯2 = 0,
φ(2)µ + ∂µ
(
∂ · φ(2)
)
= 0, C1 = 0, β¯µ = 0, βµ = 0, F¯µ = 0,
Cµν −
3
2
(∂µfν − ∂νfµ) = 0, B = −(∂ · β), B2 = (∂ · β¯), ∂ · f = 0,
∂µC
µν + ∂νC1 − 2f
ν = 0, ∂ · F¯ = 0, B3 =
(
∂ · φ(2)
)
, Kµν = 0,
∂µC¯
µν + ∂νC¯1 − 2F¯
ν = 0, B1 =
(
∂ · φ(1)
)
, Kµν = 0, fµ = 0, (61)
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and the ones that emerge from the Lagrangian density L(b¯) are:
K¯µν = −∂
ηAηµν +
1
2
(
∂µφ
(1)
ν − ∂νφ
(1)
µ
)
, φ(1)µ + ∂µ
(
∂ · φ(1)
)
= 0,
K¯µν = −
1
4!
εµνηκλρ H
ηκλρ +
1
2
(
∂µφ
(2)
ν − ∂νφ
(2)
µ
)
, B1 = 0, B3 = 0,
1
2!
εµνηκλρ (∂
µK¯νη) = ∂κK¯λρ + ∂λK¯ρκ + ∂ρK¯κλ, ∂µK¯
µν + ∂νB3 = 0,
1
2!
εµνηκλρ (∂
µK¯νη) = ∂κK¯λρ + ∂λK¯ρκ + ∂ρK¯κλ, ∂µK¯
µν + ∂νB1 = 0,
φ(2)µ + ∂µ
(
∂ · φ(2)
)
= 0, C¯1 = 0, C1 = 0, C2 = 0, C¯2 = 0,
Cµν +
3
2
(∂µFν − ∂νFµ) = 0, B2 = (∂ · β¯), Fµ = 0, B = −(∂ · β),
C¯µν +
3
2
(
∂µf¯ν − ∂ν f¯µ
)
= 0, B1 =
(
∂ · φ(1)
)
, βµ = 0, β¯µ = 0,
∂µC
µν − ∂νC1 + 2F
ν = 0, ∂ · f¯ = 0, Kµν = 0, Kµν = 0,
∂µC¯
µν − ∂νC¯1 + 2f¯
ν = 0, ∂ · F = 0, f¯µ = 0, B3 =
(
∂ · φ(2)
)
. (62)
The above conserved currents Jµ((a)b) lead to the derivation of the following off-shell nilpotent
(Q2(a)b = 0) and conserved (Q˙(a)b = 0) (anti-)BRST charges Q(a)b:
Qab =
∫
d5x
[
1
2!
ε0ijklm (∂iC¯jk) K¯lm + K¯
0i f¯i +B1 f¯
0 +B ˙¯C2 − B2 F
0
− (∂0C¯νη + ∂νC¯η0 + ∂ηC¯0ν) K¯νη − (∂
0βi − ∂iβ0) (∂iC¯2)
+ (∂0Cνη + ∂νCη0 + ∂ηC0ν)(∂ν β¯η − ∂ηβ¯ν)− (∂
0β¯i − ∂iβ¯0) Fi
]
, (63)
Qb =
∫
d5x
[
−
1
2!
ε0ijklm(∂iCjk)Klm +K
0i fi +B1 f
0 −B2 C˙2 +B F¯
0
+ (∂0Cνη∂νCη0 + ∂ηC0ν)Kνη − (∂
0β¯i − ∂iβ¯0) (∂iC2)
− (∂0C¯νη + ∂νC¯η0 + ∂ηC¯0ν)(∂νβη − ∂ηβν)− (∂
0βi − ∂iβ0) F¯i
]
. (64)
The above conserved charges Q(a)b are the generators of the continuous and infinitesimal
(anti-)BRST symmetry transformations, as it can be checked that
s(a)b Ψ = ± i
[
Ψ, Q(a)b
]
±
, (65)
where the (±) signs, present as the subscripts on the square bracket, correspond to the
(anti)commutators for the generic field Ψ being (fermionic)bosonic in nature. Similarly,
the (±) signs, in front of the square bracket, are chosen appropriately (see, e.g., [30]).
Furthermore, one has to use the appropriate canonical brackets (that are derived from the
Lagrangian densities L(b) and L(b¯)) in the evaluations of the above (anti)commutators.
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We would like to mention that there are four CF-type restrictions [21,22] on the theory
which have been derived by exploiting the theoretical potential and power of superfield
approach to BRST formalism [31,32]. All of these (that are bosonic as well as fermionic
in nature) can also be derived by exploiting the equations of motion (61) and (62). The
fermionic CF-type restrictions [amongst the fermionic (anti-)ghost fields] were originally
derived by exploiting the superfield technique [21]. These useful and interesting restrictions
are
fµ + Fµ = ∂µC1, f¯µ + F¯µ = ∂µC¯1. (66)
Concentrating on the appropriate relationships in (61) and (62), it is evident that these
Euler-Lagrange equations of motion produce the above CF-type restrictions (66). Exploit-
ing the off-shell nilpotent and absolutely anticommuting (anti-)BRST symmetry transfor-
mations (55) and (57), it can be checked that the restrictions in (47) and (66) are (anti-)
BRST invariant quantities and, hence, they are physical restrictions on the theory. We
re-emphasize that the coupled Lagrangian densities (53) and (54) produce all the CF-type
restrictions (47) and (66) as a set of off-shoots from the equations of motion (61) and (62).
The roles of the (anti-)BRST invariant CF-type restrictions (47) and (66) are two folds.
First, these allow us to obtain a set of two coupled (but equivalent) Lagrangian densities (53)
and (54) for the theory. Second, we observe that the above nilpotent (anti-)BRST symmetry
transformations (s(a)b) obey perfect absolute anticommutativity property {sb, sab} = 0 for
all the fields of the theory except the following:
{sb, sab} Aµνη 6= 0, {sb, sab} Cµν 6= 0, {sb, sab} C¯µν 6= 0. (67)
If we compute the above anticommutators, in a straightforward manner, they turn out
to be non-zero. However, the above fields (Aµνη, Cµν , C¯µν) also respect the absolute anti-
commutativity property on the constrained hypersurface (embedded in the 6D spacetime
manifold) where the CF-type restrictions (47) and (66) are valid. For instance, only due
to (47), we have {sb, sab}Aµνη = 0. In addition, the validity of {sb, sab}Cµν = 0 and
{sb, sab}C¯µν = 0 is true only when (66) is satisfied. We re-emphasize, once again, that
restrictions (47) and (66) have been derived due to the superfield approach to Abelian 3-
form gauge theory [21] and, to the best of our knowledge, they cannot be derived by using
any other method. However, it is straightforward to note that (47) and (66) can be derived
from the equations of motion (61) and (62) as well. The interesting point to be emphasized
is that the coupled Lagrangian densities (53) and (54), which produce (61) and (62), have
been derived from the knowledge of s(a)b. The off-shell nilpotent (s
2
(a)b = 0) and absolutely
anticommuting (sbsab + sabsb = 0) symmetries s(a)b, however, have been derived from the
superfield formalism (see, e.g., [21] for details). Hence, it is the superfield formalism which
is more basic as far as the derivation of CF-type restrictions (47) and (66) is concerned.
We wrap up this section with some remarks. First, the absolute anticommutativity of
the (anti-)BRST charges Q(a)b is satisfied only on the constrained hypersurface defined by
the field equations corresponding to the CF-type restrictions (47) and (66). Second, the
physicality criteria: Q(a)b|phys〉 = 0 leads to the annihilation of the physical states by the
operator form of the first-class constraints of the theory (cf. Sect. 7 for details). Third,
both the Lagrangian densities L(b) and L(b¯) respect both the off-shell nilpotent (anti-)BRST
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symmetry transformations on the hypersurface (in the 6D spacetime manifold) which is
described by the CF-type field equations. This statement can be succinctly expressed in
the following mathematical form [cf. (47), (66)], namely;
sabL(b) = ∂µ
[
(∂µC¯νη + ∂νC¯ηµ + ∂ηC¯µν)Kνη + A
µνη (∂ν f¯η − ∂η f¯ν) +B1 f¯
µ
+ (∂µβ¯ν − ∂ν β¯µ)fν + C¯
µν (∂νB1)− C
µν (∂νB2) +B (∂
µC¯2)− B2 F
µ
− K¯µν F¯ν
]
− (∂µC¯νη + ∂νC¯ηµ + ∂ηC¯µν) ∂µ
[
K¯νη +Kνη
−
(
∂νφ
(1)
η − ∂ηφ
(1)
ν
) ]
−
[
K¯µν +Kµν −
(
∂µφ
(1)
ν − ∂νφ
(1)
µ
) ]
(∂µf¯ ν)
+ K¯µν ∂µ
[
f¯ν + F¯ν − ∂νC¯1
]
− (∂µβ¯ν − ∂ν β¯µ)∂µ
[
fν + Fν − ∂νC1
]
+ (∂µB2)
[
fµ + Fµ − ∂µC1
]
− (∂µB1)
[
f¯µ + F¯µ − ∂µC¯1
]
, (68)
sbL(b¯) = −∂µ
[
(∂µCνη + ∂νCηµ + ∂ηCµν)K¯νη + A
µνη (∂νfη − ∂ηfν)
− (∂µβν − ∂νβµ)f¯ν +K
µν Fν + C¯
µν(∂νB) + C
µν(∂νB1)− B F¯
µ
+ B2 (∂
µC2)−B1 f
µ
]
+ (∂µCνη + ∂νCηµ + ∂ηCµν) ∂µ
[
K¯νη +Kνη
−
(
∂νφ
(1)
η − ∂ηφ
(1)
ν
) ]
−
[
K¯µν +Kµν −
(
∂µφ
(1)
ν − ∂νφ
(1)
µ
) ]
(∂µf ν)
+ Kµν ∂µ
[
fν + Fν − ∂νC1
]
− (∂µβν − ∂νβµ)∂µ
[
f¯ν + F¯ν − ∂νC¯1
]
− (∂µB1)
[
fµ + Fµ − ∂µC1
]
− (∂µB)
[
f¯µ + F¯µ − ∂µC¯1
]
. (69)
Thus, we note that the coupled Lagrangian densities (53) and (54) are equivalent as far as
the off-shell nilpotent (anti-)BRST symmetry transformations on the constrained hyper-
surface, defined by the CF-type field equations (47) and (66), are concerned. Finally, under
the off-shell nilpotent (anti-)BRST transformations, it is interesting to point out that the
curvature tensor Hµνηκ (owing its origin to the exterior derivative) remains invariant.
It appears that the (anti-)BRST symmetries provide a physical realization of the exterior
derivative. However, the absolute anticommutativity property (sbsab + sabsb = 0) of the
nilpotent (anti-)BRST symmetry transformations imply that only one of them could be
identified with the exterior derivative of differential geometry because the BRST and anti-
BRST symmetry transformations are linearly independent of each-other. In fact, as it
turns out, it is the BRST symmetry transformations sb (and corresponding charge Qb)
that provide the physical realization of the exterior derivative. An extensive discussion on
these issues could be found in our Sect. 7 [see, equations (98) and (102)] where we have
shown the explicit mappings between the cohomological operators of differential geometry
and conserved charges of our present gauge theory. Of course, there is another physical
quantity which also provides a realization of the exterior derivative but that happens only
in the six (5+1)-dimensions of spacetime where we obtain the off-shell nilpotent (anti-)co-
BRST symmetry transformations and their corresponding conserved and nilpotent charges.
These nilpotent charges, in fact, provide physical realizations of the (co-)exterior derivatives
of differential geometry (see, Sect. 7).
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4 (Anti-)co-BRST symmetries: Conserved charges
The Lagrangian density L(b) remains quasi-invariant under the following off-shell nilpotent
(s2d = 0) co-BRST/dual-BRST symmetry transformations (sd):
sdAµνη =
1
2
εµνηκρσ∂
κC¯ρσ, sdC¯µν = ∂µβ¯ν − ∂ν β¯µ, sdβ¯µ = ∂µC¯2,
sdC¯1 = B2, sdβµ = −fµ, sdC1 = B3, sdφ
(2)
µ = F¯µ, sdC2 = B,
sdCµν = Kµν , sdf¯µ = ∂µB2, sdFµ = ∂µB3, sdK¯µν = ∂µF¯ν − ∂νF¯µ,
sd[∂
ηAηµν , φ
(1)
µ , Kµν , K¯µν , Kµν , B, B1, B2, B3, C¯2, fµ, F¯µ] = 0, (70)
because the Lagrangian density L(b) transforms to a total spacetime derivative as
sdL(b) = − ∂µ
[
(∂µC¯νη + ∂νC¯ηµ + ∂ηC¯µν) Kνη − B (∂
µC¯2)
− B2 f
µ +Kµν F¯ν +B3 F¯
µ − (∂µβ¯ν − ∂ν β¯µ) fν
]
. (71)
One of the decisive features of the dual-BRST symmetry is the invariance of the total
gauge-fixing term [i.e. sd(∂
µAµνη) = 0, sdKµν = 0, sd φ
(1)
µ = 0] which owes its origin to
the co-exterior derivative δ = − ∗ d ∗ as we have δA(3) = (1/2!)(dxµ ∧ dxν)(∂ηAηµν).
Analogous to the transformations (70), we have the following off-shell nilpotent (s2ad = 0)
anti-co-BRST (or anti-dual-BRST) symmetry in the theory (sad), namely;
sadAµνη =
1
2
εµνηκρσ∂
κCρσ, sadβµ = −∂µC2, sadCµν = −
(
∂µβν − ∂νβµ
)
,
sadC¯µν = K¯µν , sadC1 = −B, sadβ¯µ = f¯µ, sadC¯2 = −B2, sadC¯1 = −B3,
sadφ
(2)
µ = Fµ, sadF¯µ = −∂µB3, sadfµ = −∂µB, sadKµν = ∂µFν − ∂νFµ,
sad[∂
ηAηµν , φ
(1)
µ , Kµν , K¯µν , K¯µν , B, B1, B2, B3, C2, f¯µ, Fµ] = 0, (72)
under which, once again, the total gauge-fixing term remains invariant [i.e. sadφ
(1)
µ =
0, sad(∂
µAµνη) = 0, sadK¯µν = 0] and the Lagrangian density L(b¯) transforms as follows:
sadL(b¯) = ∂µ
[
(∂µCνη + ∂νCηµ + ∂ηCµν) K¯νη − K¯
µν Fν +B f¯
µ
+ B2 (∂
µC2)− B3 F
µ − (∂µβν − ∂νβµ) f¯ν
]
. (73)
As a consequence of the above, the action integral S =
∫
d6x L(b¯) remains invariant for the
well-defined physical fields of the theory that fall off rapidly at infinity.
According to Noether’s theorem, the above continuous symmetry invariances lead to
the derivation of the following Noether’s conserved currents:
Jµ(d) =
1
2!
εµνηκλρ (∂νC¯ηκ)Kλρ −K
µν F¯ν − (∂
µC¯νη + ∂νC¯ηµ + ∂ηC¯µν)Kνη
+ B (∂µC¯2) +B2 f
µ + (∂µCνη + ∂νCηµ + ∂ηCµν) (∂ν β¯η − ∂ηβ¯ν)
+ (∂µβ¯ν − ∂ν β¯µ) fν − B3 F¯
µ − (∂µβν − ∂νβµ) (∂νC¯2), (74)
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Jµ(ad) = −
1
2!
εµνηκλρ (∂νCηκ) K¯λρ − K¯
µν Fν + (∂
µCνη + ∂νCηµ + ∂ηCµν) K¯νη
+ B2 (∂
µC2) +B f¯
µ + (∂µC¯νη + ∂νC¯ηµ + ∂ηC¯µν) (∂νβη − ∂ηβν)
− (∂µβν − ∂νβµ) f¯ν −B3 F
µ + (∂µβ¯ν − ∂ν β¯µ) (∂νC2). (75)
The conservation law [∂µJ
µ
(a)d = 0] can be proven by exploiting the Euler-Lagrange equa-
tions of motions (61) and (62) that emerge from the Lagrangian densities L(b) and L(b¯).
The explicit expressions for the conserved charges (Qr =
∫
d5x J0(r), r = d, ad), which are
the generators of the (anti-)co-BRST symmetry transformations (72) and (70), are
Qd =
∫
d5x
[
1
2!
ε0ijklm (∂iC¯jk)Klm − (∂
0C¯νη + ∂νC¯η0 + ∂ηC¯0ν) Kνη
− K0i F¯i +B
˙¯C2 + (∂
0Cνη + ∂νCη0 + ∂ηC0ν) (∂ν β¯η − ∂ηβ¯ν)
− (∂0βi − ∂iβ0) (∂iC¯2) +B2 f
0 − B3 F¯
0 + (∂0β¯i − ∂iβ¯0) fi
]
, (76)
Qad =
∫
d5x
[
−
1
2!
ε0ijklm (∂iCjk) K¯lm + (∂
0Cνη + ∂νCη0 + ∂ηC0ν) K¯νη
− K¯0i Fi +B2 C˙2 + (∂
0C¯νη + ∂νC¯η0 + ∂ηC¯0ν) (∂νβη − ∂ηβν)
+ (∂0β¯i − ∂iβ¯0) (∂iC2) +B f¯
0 − B3 F
0 − (∂0βi − ∂iβ0) f¯i
]
. (77)
Thus, we conclude that, in addition to the nilpotent (anti-)BRST symmetry transforma-
tions, we have another set of nilpotent (anti-)co-BRST symmetry transformations in the
theory. However, it is to be emphasized that the off-shell nilpotent (anti-)BRST and (anti-
)co-BRST symmetries co-exist together for the Abelian 3-form gauge theory only in six
(5 + 1)-dimensions of spacetime. All these symmetry transformations are fermionic in
nature. The distinguishing feature of these symmetries is the invariance of the total ki-
netic and total gauge-fixing terms under the (anti-)BRST and (anti-)co-BRST symmetry
transformations, respectively. We would like to add that these fermionic symmetry trans-
formations are the most fundamental symmetries in our theory (which would turn out to
be a model for the Hodge theory as we shall discuss later).
We close this section with the following observations. First of all, it can be noted that
sadL(b) = ∂µ
[
(∂µβν − ∂νβµ) F¯ν − C
µν (∂νB3) +B f¯
µ − C¯µν (∂νB)
+ K¯µν fν −B3 F
µ −
1
3
εµνηκρσ Fν(∂ηAκρσ) +B2 (∂
µC2)
− (∂µCνη + ∂νCηµ + ∂ηCµν) Kνη
]
+ (∂µB3)
[
fµ + F µ − ∂µC1
]
+ (∂µCνη + ∂νCηµ + ∂ηCµν) ∂µ
[
Kνη + K¯νη −
(
∂νφ
(2)
η − ∂ηφ
(2)
ν
) ]
− K¯µν ∂µ
[
fν + Fν − ∂νC1
]
− (∂µB)
[
f¯µ + F¯ µ − ∂µC¯1
]
+
[
Kµν + K¯µν −
(
∂µφ
(2)
ν − ∂νφ
(2)
µ
)]
(∂µF ν)
− (∂µβν − ∂νβµ) ∂µ
[
f¯ν + F¯ν − ∂νC¯1
]
, (78)
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sdL(b¯) = ∂µ
[
− (∂µβ¯ν − ∂ν β¯µ) Fν + C¯
µν (∂νB3) +B2 f
µ − Cµν (∂νB2)
+ Kµν f¯ν −B3 F¯
µ +
1
3
εµνηκρσ F¯ν(∂ηAκρσ) +B (∂
µC¯2)
+ (∂µC¯νη + ∂νC¯ηµ + ∂ηC¯µν) K¯νη
]
+ (∂µB3) [f¯
µ + F¯ µ − ∂µC¯1]
− (∂µC¯νη + ∂νC¯ηµ + ∂ηC¯µν) ∂µ
[
Kνη + K¯νη −
(
∂νφ
(2)
η − ∂ηφ
(2)
ν
) ]
− Kµν ∂µ
[
f¯ν + F¯ν − ∂νC¯1
]
− (∂µB2) [f
µ + F µ − ∂µC1]
+
[
Kµν + K¯µν −
(
∂µφ
(2)
ν − ∂νφ
(2)
µ
)]
(∂µF¯ ν)
+ (∂µβ¯ν − ∂ν β¯µ) ∂µ[fν + Fν − ∂νC1], (79)
which shows that L(b) and L(b¯) are equivalent because both of them respect the off-shell
nilpotent (anti-)co-BRST symmetry transformations together on the constrained hyper-
surface [where the field equations (47) and (66) are true]. Furthermore, the off-shell
nilpotent (anti-)co-BRST symmetry transformations are absolutely anticommuting in na-
ture only on the hypersurface defined by the CF-type field equations. For instance,
{sd, sad}Aµνη = 0, {sd, sad}Cµν = 0, {sd, sad}C¯µν = 0 only when CF-type restrictions
(47) and (66) are taken into account. Thus, we conclude that the hallmark of a p-form
(p = 1, 2, 3, ...) gauge theory, within the framework of BRST formalism, is the existence of
CF-type restrictions. In fact, in our earlier works [21,22], we have provided mathematical
basis for the existence of CF-type restrictions and their connection with the concept of
geometrical object called gerbes. Finally, it can be checked that (anti-)co-BRST symmetry
transformations (72) and (70) can be derived from the analogue of (65) where Q(a)b should
be replaced by Q(a)d. Thus, conserved (anti-)co-BRST charges Q(a)d [of (77) and (76)] are
the generator of transformations (72) and (70).
5 Bosonic symmetry: Conserved charge
As has been pointed out earlier, there are four fermionic (i.e. nilpotent) symmetry trans-
formations (s(a)b, s(a)d) in the theory. The following anticommutators, between two of the
above fermionic symmetry transformations, define a new bosonic symmetry in the theory.
These anticommutators (between suitable fermionic symmetries) are as follows:
{sb, sd} = sω, {sab, sad} = sω¯. (80)
Rest of the anticommutators of the fermionic symmetry transformations do not define any
new symmetry. For instance, we have already seen that {sb, sab} = 0, {sd, sad} = 0 on
the constrained hypersurface described by the CF-type field equations. In exactly similar
fashion, as it turns out, the anticommutators {sb, sad} = 0 and {sd, sab} = 0 are also
zero modulo a U(1) vector gauge transformations (see, e.g., Appendix E below and (90)).
Thus, for all practical purposes, the absolute anticommutativity amongst the fermionic
symmetry transformations s(a)b and s(a)d is true except the anticommutators in (80). The
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latter anticommutators define an infinitesimal continuous single bosonic symmetry [cf. (87)
below] for our present theory.
The bosonic symmetry transformations sω yield the following infinitesimal transforma-
tions for the relevant fields of the theory, namely;
sωAµνη =
1
2
εµνηκρσ (∂
κKρσ) +
(
∂µKνη + ∂νKηµ + ∂ηKµν
)
,
sωCµν = − (∂µfν − ∂νfµ), sωC¯µν = ∂µF¯ν − ∂νF¯µ, sωβ¯µ = ∂µB2,
sωβµ = ∂µB, sω[B,B1, B2, B3, C1, C¯1, C2, C¯2, φ
(1)
µ , φ
(2)
µ , fµ, f¯µ, Fµ, F¯µ,
Kµν , K¯µν ,Kµν , K¯µν ] = 0. (81)
The above transformations are symmetry transformations because the Lagrangian density
L(b) remains quasi-invariant as it transforms to a total spacetime derivative:
sωL(b) = ∂µ
[
(∂µKνη + ∂νKηµ + ∂ηKµν) Kνη +B (∂
µB2)
− (∂µKνη + ∂νKηµ + ∂ηKµν) Kνη −B2 (∂
µB)
+ (∂µf ν − ∂νfµ) F¯ν + (∂
µF¯ ν − ∂ν F¯ µ) fν
]
. (82)
Similarly, under the infinitesimal bosonic symmetry transformations (sω¯):
sω¯Aµνη =
1
2
εµνηκρσ (∂
κK¯ρσ) +
(
∂µK¯νη + ∂νK¯ηµ + ∂ηK¯µν
)
,
sω¯Cµν = − (∂µFν − ∂νFµ), sω¯C¯µν = ∂µf¯ν − ∂ν f¯µ, sω¯β¯µ = −∂µB2,
sω¯βµ = − ∂µB, sω¯[B,B1, B2, B3, C1, C¯1, C2, C¯2, φ
(1)
µ , φ
(2)
µ , fµ, f¯µ, Fµ, F¯µ,
Kµν , K¯µν ,Kµν , K¯µν ] = 0, (83)
the Lagrangian density L(b¯) transforms to a total spacetime derivative as follows:
sω¯L(b¯) = −∂µ
[
(∂µK¯νη + ∂νK¯ηµ + ∂ηK¯µν) K¯νη +B (∂
µB2)
− (∂µK¯νη + ∂νK¯ηµ + ∂ηK¯µν) K¯νη −B2 (∂
µB)
+ (∂µf¯ ν − ∂ν f¯µ) Fν + (∂
µF ν − ∂νF µ) f¯ν
]
. (84)
We note [from (82) and (84)] that the equivalent action integrals (S1 =
∫
d6x L(b), S2 =∫
d6x L(b¯)) remain invariant under the transformations sω and sω¯ for the physical fields of
the theory which fall off rapidly at infinity (due to the Gauss divergence theorem).
It is to be pointed out that the following transformations are also true, namely;
sωL(b¯) = ∂µ
[
(∂µKνη + ∂νKηµ + ∂ηKµν)K¯νη +B (∂
µB2)
− (∂µKνη + ∂νKηµ + ∂ηKµν)K¯νη − B2 (∂
µB)
− (∂µf ν − ∂νfµ) f¯ν − (∂
µF¯ ν − ∂νF¯ µ) Fν
]
+ ∂µ
[
Kνη + K¯νη −
(
∂νφ
(1)
η − ∂ηφ
(1)
ν
) ]
(∂µKνη + ∂νKηµ + ∂ηKµν)
− ∂µ
[
f¯ν + F¯ν − ∂νC¯1
]
(∂µf ν − ∂νfµ), (85)
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sω¯L(b) = ∂µ
[
(∂µK¯νη + ∂νK¯ηµ + ∂ηK¯µν)Kνη +B2 (∂
µB)
− (∂µK¯νη + ∂νK¯ηµ + ∂ηK¯µν)Kνη − B (∂
µB2)
+ (∂µf¯ ν − ∂ν f¯µ) fν + (∂
µF ν − ∂νF µ) F¯ν
]
− ∂µ
[
Kνη + K¯νη −
(
∂νφ
(2)
η − ∂ηφ
(2)
ν
) ]
(∂µKνη + ∂νKηµ + ∂ηKµν)
− ∂µ
[
f¯ν + F¯ν − ∂νC¯1
]
(∂µf ν − ∂νfµ). (86)
Thus, both the coupled Lagrangian densities L(b) and L(b¯) respect the bosonic symmetries
sω and sω¯ on the constrained hypersurface defined by the CF-type field equations (47) and
(66). Mention can also be made of the key observation that, even though sω and sω¯ look
quite different [cf. (81), (83)], they are actually equivalent on the constrained hypersurface
where the CF-type restrictions (47) and (66) are true. In fact, as it turns out, we have
sω + sω¯ = 0 =⇒ sω = − sω¯, (87)
which shows that only one of sω and sω¯ is an independent bosonic symmetry transformation
in the theory. Thus, henceforth, we shall take sω as the only bosonic symmetry in our
present theory.
According to Noether’s theorem, the above infinitesimal and continuous symmetry
transformation leads to the derivation of the following conserved current (w.r.t. the La-
grangian density L(b)), namely;
Jµ(ω) =
1
2!
εµνηκλρ (∂νKηκ) Kλρ −
1
2!
εµνηκλρ (∂νKηκ) Kλρ
− (∂µβ¯ν − ∂ν β¯µ) (∂νB)− (∂
µβν − ∂νβµ) (∂νB2)
− (∂µC¯νη + ∂νC¯ηµ + ∂ηC¯µν) (∂νfη − ∂ηfν)
− (∂µCνη + ∂νCηµ + ∂ηCµν) (∂νF¯η − ∂ηF¯ν). (88)
The conservation law (∂µJ
µ
(ω) = 0) can be proven by exploiting the equations of motion (61)
derived from Lagrangian density L(b). Exploiting the usual tricks of quantum field theory,
it can be checked that the exact expression for the conserved charge is
Qω =
∫
d5x
[
1
2!
ε0ijklm (∂iKjk) Klm −
1
2!
ε0ijklm (∂iKjk) Klm
− (∂0β¯i − ∂iβ¯0) (∂iB)− (∂
0βi − ∂iβ0) (∂iB2)
− (∂0C¯νη + ∂νC¯η0 + ∂ηC¯0ν) (∂νfη − ∂ηfν)
− (∂0Cνη + ∂νCη0 + ∂ηC0ν) (∂νF¯η − ∂ηF¯ν)
]
. (89)
The interesting point, to be stressed, is the origin of the derivation of conserved charge
Qω that has emerged out from the bosonic symmetry transformations corresponding to
sω. The latter is equal to the anticommutator of two nilpotent (fermionic) symmetry
transformations. As pointed out earlier, the above nilpotent symmetry transformations are
the analogue of the (co-)exterior derivatives of differential geometry. As a consequence, the
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anticommutator of the suitable nilpotent symmetry transformations (that is equivalent to a
bosonic symmetry transformation) is the analogue of the Laplacian operator of differential
geometry. We shall see, in Sect. 7, that the conserved charge Qω provides an accurate
physical realization of the Laplacian operator of differential geometry from the point of
view of the ghost number consideration as well as the specific algebra obeyed by it. Finally,
it can be verified that, besides being the Casimir operator for the whole algebra, Qω is also
the generator of transformations (81) if we exploit the analogue of (65) appropriately.
Before we wrap up this section, we would like to state that, for the present higher
dimensional (i.e. D = 6 ) and higher-form (i.e. p = 3) Abelian gauge theory, we have:
s(1)ω β¯µ = {sb, sad}β¯µ = ∂µ(B1 − B3), s
(1)
ω φ
(1)
µ = {sb, sad}φ
(1)
µ = −∂µB,
s(1)ω φ
(2)
µ = {sb, sad}φ
(2)
µ = −∂µB, s
(2)
ω βµ = {sab, sd}βµ = ∂µ(B1 +B3),
s(2)ω φ
(1)
µ = {sab, sd}φ
(1)
µ = ∂µB2, s
(2)
ω φ
(2)
µ = {sab, sd}φ
(2)
µ = −∂µB2. (90)
For the rest of the fields of the theory, it can be checked that {sb, sad} = 0, {sd, sab} = 0.
As mentioned earlier, we already know that {sb, sab} = 0, {sd, sad} = 0 on the hypersurface
defined by the CF-type field equations (47) and (66). Thus, we conclude that, out of all the
possible anticommutators between s(a)b and s(a)d, only two of them define a bosonic sym-
metry (i.e. sω = {sb, sd} = −{sab, sad}) and rest of them have absolute anticommutativity
property only up to a U(1) vector gauge transformations. We would like to lay emphasis
on the fact that this observation, in the context of 6D Abelian 3-form gauge theory, is
totally different from our experiences in 2D Abelian 1-form and 4D Abelian 2-form gauge
theories (see, e.g., [10–16]) where there exists an absolute anticommutativity between the
nilpotent transformations s(a)b and s(a)d except sω = {sb, sd} = −{sab, sad} which defines
the bosonic symmetry. Furthermore, it can be checked explicitly that the transformations
{sb, sad} and {sd, sab} [cf. (90)] are, even though, the symmetry transformations for the
Lagrangian densities L(b) and/or L(b¯), these do not commute with sg [see, e.g., (95) below].
We discuss about these symmetries and connected issues in our Appendix E. Our final
remark is the fact that one can choose B = B1 = B2 = B3 = 0 so that s
(1)
ω = s
(2)
ω = 0
in equation (90). This choice, it may be emphasized, does not spoil the existence of the
fundamental fermionic (i.e. nilpotent) symmetries s(a)b and s(a)d which are the analogues
of the nilpotent (co-)exterior derivatives of the differential geometry.
6 Discrete and ghost-scale symmetries
A close look at the Lagrangian densities (53) and (54) demonstrates that the non-ghost part
of L(b) and L(b¯) remains invariant under the following discrete symmetry transformations:
Aµνη → ±
i
3!
εµνηκρσ A
κρσ, Kµν → ±iKµν , Kµν → ±iKµν ,
K¯µν → ±iK¯µν , K¯µν → ±iK¯µν , φ
(1)
µ → ±iφ
(2)
µ , φ
(2)
µ → ±iφ
(1)
µ ,
B1 → ±iB3, B3 → ±iB1. (91)
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In exactly similar fashion, the ghost part of the Lagrangian densities (53) and (54) respect
the following discrete symmetry transformations:
Cµν → ±iC¯µν , C¯µν → ±iCµν , βµ → ±iβ¯µ, β¯µ → ∓iβµ, C2 → ±iC¯2,
C¯2 → ±iC2, C1 → ±iC¯1, C¯1 → ±iC1, B → ∓iB2, B2 → ±iB,
fµ → ±iF¯µ, F¯µ → ±ifµ, f¯µ → ±iFµ, Fµ → ±if¯µ. (92)
It is obvious now that the total Lagrangian densities (53) and (54) remain invariant under
the combined discrete symmetry transformations listed in (91) and (92). We shall see, in the
next section, that the above discrete symmetry transformations play a key role in providing
the physical realization of Hodge duality (∗) operation of the differential geometry.
It is to be noted that the decisive feature of the discrete symmetry transformations,
in the gauge sector [cf. (91)] of the Lagrangian densities in the Feynman gauge, has been
the self-duality condition on the gauge field [cf. (37)] which is intimately connected with
the Hodge duality (∗) operation. This is the reason that the generalization of Aµνη →
± i
3!
εµνηκρσ A
κρσ in the gauge sector (together with the discrete symmetry transformations
in the ghost sector) provides the physical realization of the Hodge duality (∗) operation
of differential geometry. In fact, the discrete symmetry transformations (91) and (92) are
intimately connected with the original discrete symmetry transformation in (38) (which is
nothing but the self-duality condition for the Abelian 3-form gauge field).
The ghost part of the Lagrangian densities (53) and (54), in addition to the discrete
transformations (92), respect a continuous scale symmetry transformations as
Cµν → e
+ΛCµν , C¯µν → e
−ΛC¯µν , βµ → e
+2Λβµ, β¯µ → e
−2Λβ¯µ,
C2 → e
+3ΛC2, C¯2 → e
−3ΛC¯2, C1 → e
+ΛC1, C¯1 → e
−ΛC¯1,
B → e+2ΛB, B2 → e
−2ΛB2, fµ → e
+Λfµ, f¯µ → e
−Λf¯µ,
Fµ → e
+ΛFµ, F¯µ → e
−ΛF¯µ, (93)
where Λ is a global (spacetime independent) parameter and numerals (∓1,∓2,∓3) in the
exponentials stand for the ghost number of the (anti-)ghost fields. According to the basic
tenets of BRST formalism, all the rest of the fields (in the gauge sector of the Lagrangian
densities) are endowed with the ghost number equal to zero. As a consequence, the ghost-
scale symmetry transformations, on the generic field Ψ of this sector, is:
Ψ −→ Ψ
′
= e0·Λ Ψ =⇒ Ψ
′
= Ψ, (94)
where the generic field Ψ stands for Ψ = Aµνη, Kµν , Kµν , K¯µν , K¯µν , B1, B3, φ
(1)
µ , φ
(2)
µ .
Choosing Λ = 1 in the scale symmetry transformations (93) and (94), we obtain the
following infinitesimal ghost-scale symmetry transformations:
sgCµν = +Cµν , sgC¯µν = −C¯µν , sgβµ = +2βµ, sgβ¯µ = −2β¯µ,
sgC2 = +3C2, sgC¯2 = −3C¯2, sgC1 = +C1, sgC¯1 = −C¯1,
sgB = +2B, sgB2 = −2B2, sgfµ = +fµ, sgf¯µ = −f¯µ, sgFµ = +Fµ,
sgF¯µ = −F¯µ, sg[Aµνη, Kµν , Kµν , K¯µν , K¯µν , φ
(1)
µ , φ
(2)
µ , B1, B3] = 0, (95)
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where sg is actually the infinitesimal version of the ghost-scale transformations (93) and
(94). The latter equations are valid for the finite value of Λ.
According to Noether’s theorem, the continuous symmetry transformations (95) lead to
the derivation of the Noether ghost conserved current as given below
Jµ(g) = (∂
µC¯νη + ∂νC¯ηµ + ∂ηC¯µν) Cνη + (∂
µCνη + ∂ηCµν + ∂νCηµ) C¯νη
− 2(∂µβ¯ν − ∂ν β¯µ) βν + 2(∂
µβν − ∂νβµ) β¯ν − 2B2 β
µ − C¯µν fν
− 2B β¯µ − C1 F¯
µ − C¯1 f
µ + 3C2 (∂
µC¯2) + 3C¯2 (∂
µC2)− C
µν F¯ν . (96)
The conservation law ∂µJ
µ
(g) = 0 can be proven by exploiting the equations of motion (61)
and (62) for the (anti-)ghost fields of our present theory. The conserved current Jµ(g) leads
to the derivation of the conserved ghost charge (Qg =
∫
d5x J0(g)) as:
Qg =
∫
d5x
[
(∂0C¯νη + ∂νC¯η0 + ∂ηC¯0ν) Cνη + (∂
0Cνη + ∂ηC0ν + ∂νCη0) C¯νη
− 2(∂0β¯i − ∂iβ¯0) βi + 2(∂
0βi − ∂iβ0) β¯i − 2B2 β
0 − C0i F¯i
− 2B β¯0 − C1 F¯
0 − C¯1 f
0 + 3C2
˙¯C2 + 3C¯2 C˙2 − C¯
0i fi
]
. (97)
The charge Qg is the generator of infinitesimal transformations (95) if we exploit the power
and potential of the analogue of relationship (65) by using the canonical brackets, that are
derived from the Lagrangian density L(b), in the evaluation of the commutators.
7 Cohomological aspects: Algebraic structures
We have noted, thus far, that there exist six continuous symmetries in the theory. Four
of them (i.e. s(a)b, s(a)d) are fermionic (nilpotent) in nature and two of them (sω, sg) are
bosonic in nature. We can verify, in a straightforward manner, that the operator form
of these continuous symmetry transformations satisfy the following algebraic structures,
namely;
s2(a)b = 0, s
2
(a)d = 0, {sb, sab} = 0, {sd, sad} = 0,
{sb, sad} = 0, [sg, sb] = +sb, [sg, sab] = −sab,
[sg, sd] = −sd, [sg, sad] = +sad, {sab, sd} = 0,
{sb, sd} = sω = −{sab, sad}, [sω, sr] = 0, r = g, b, ab, d, ad, (98)
where we have taken the infinitesimal versions of the continuous symmetry transformations
(55), (57), (70), (72), (81) and (95). We also note that we mean by s2b = 0 (in the operator
form) as 1
2
{sb, sb}Ψ ≡
1
2
(sbsb + sbsb)Ψ = 0, {sb, sab}Ψ ≡ (sbsab + sabsb)Ψ = 0, [sω, sr]Ψ
≡ (sωsr − srsω)Ψ = 0, etc., where Ψ is the generic field of our present theory.
A close look at the algebra (98) establishes the fact that this algebra is the analogue
of the algebra satisfied by the de Rham cohomological operators (d, δ,∆) of differential
geometry as one knows that the standard algebra, obeyed by the exterior derivative d,
co-exterior derivative δ and the Laplacian operator ∆ = (d+ δ)2 = (dδ + δd), is [17–20]:
d2 = δ2 = 0, {d, δ} = ∆ = (d+ δ)2, [∆, d] = 0, [∆, δ] = 0. (99)
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An accurate comparison of equations (98) and (99) establishes the fact the set (sb, sd, sω)
and (sab, sad,−sω) are the analogues of the de Rham cohomological operators (d, δ,∆)
of differential geometry where there exists a two-to-one mapping because (sb, sad) −→
d, (sd, sab) −→ δ and {sb, sd} = − {sab, sad} = sω =⇒ ∆, at the algebraic level.
Even though, there is a perfect matching between (d, δ, ∆) and the transformations
s(a)d, s(a)b and sω at the algebraic level, there are a couple of points which are missing
as far as the perfect analogy is concerned. First, as we know, the co-exterior derivative δ
is connected to the exterior derivative d by the relation: δ = ± ∗ d ∗ where (∗) is the
Hodge duality operation. Thus, we have to provide the physical realization of (∗) in the
language of symmetry properties. Second, we know that the (co-)exterior derivatives [i.e.
(δ)d] (lower)raise the degree of a form by one when they operate on the latter whereas the
action of the Laplacian operator does not change the degree of a form at all. We should
be able to provide the analogy of the above observations in the language of symmetry
properties if we have to prove that the 6D Abelian 3-form gauge theory is a perfect field
theoretic model for the Hodge theory where there exist appropriate physical realizations of
the cohomological operators (d, δ,∆) in terms of the symmetry properties of our present
theory.
We address the first of the above issues in the following manner. As stated earlier, the
combination of the discrete symmetry transformations (91) and (92) provide the analogue
of the Hodge duality (∗) operation because the following relationships:
sdΨ = ± ∗ sb ∗ Ψ, sadΨ = ± ∗ sab ∗ Ψ, (100)
are true where Ψ is the generic field of the theory and ∗ is the combined discrete symmetry
transformations. Thus, we note that the interplay of the continuous and discrete symmetry
transformations of the theory provide the analogue of connection between the co-exterior
derivative (δ) and exterior derivative (d) of differential geometry (i.e. δ = ± ∗ d ∗). The
(±) signs in the relation δ = ± ∗ d ∗ are determined by the dimensions of the spacetime
manifold and the degree of the forms that are involved in an inner product (in the realm
of differential geometry [17–20]). We have to provide the physical origin for the (±) signs
in the above.
The (±) signs of equation (100) are decided by a couple of successive operations of the
discrete symmetry transformations (91) and (92) on the generic field [i.e. ∗(∗Ψ) = ±Ψ]
(see, e.g., [20]). As it turns out, only four fields βµ, β¯µ, B, B2 are the ones that possess
(+) sign after two successive operations of discrete symmetry transformations. The rest of
the fields carry (−) sign after the above successive operations. Furthermore, the CF-type
of restrictions of (47) and (66) remain invariant under the combined discrete symmetry
operations (91) and (92). This shows the fact that our present theory is a self-dual theory
where the CF-type restrictions (which are responsible for the absolute anticommutativity
and the existence of the coupled Lagrangian densities) are physical and duality-invariant.
We would like to add that our Lagrangian density Lb also remains invariant under two
successive operations of discrete symmetry transformations [i.e. ∗(∗Lb) = +Lb].
We address now the second of the issues that have been raised earlier. The analogue of
the degree of a form (in differential geometry) is the ghost number defined as: i Qg |χ〉n =
n |χ〉n where |χ〉n is a non-trivial state with ghost number equal to n (in the total quantum
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Hilbert space of states). It can be checked that the following relations are true:
i Qg Qb|χ〉n = (n+ 1) Qb |χ〉n, i Qg Qad|χ〉n = (n+ 1) Qad |χ〉n,
i Qg Qd|χ〉n = (n− 1) Qd |χ〉n, i Qg Qab|χ〉n = (n− 1) Qab |χ〉n,
i Qg Qω|χ〉n = n Qω |χ〉n, (101)
where the conserved charges Q(a)b, Q(a)d, Qω and Qg satisfy the analogue of algebraic rela-
tions, that are satisfied by the operator form of the symmetry transformations (98), as
Q2(a)b = 0, Q
2
(a)d = 0, {Qb, Qab} = 0, {Qd, Qad} = 0,
{Qd, Qab} = 0, i [Qg, Qb] = + Qb, i [Qg, Qab] = − Qab,
i [Qg, Qad] = + Qad, i [Qg, Qd] = − Qd, [Qω, Qr] = 0,
{Qb, Qd} = Qω = − {Qad, Qab}, (r = b, ab, d, ad, g, ω). (102)
Thus, we note that the ghost numbers of Qb|χ〉n, Qd|χ〉n and Qω |χ〉n are (n+1), (n−1) and
n, respectively. Similarly, the states Qad |χ〉n, Qab |χ〉n and Qω |χ〉n are endowed with ghost
numbers equal to (n+1), (n−1) and n, respectively. In our Appendices B and C, we have
given simple proofs of the validity of Q2(a)b = 0, {Qb, Qab} = 0, etc., by using the concept
of conserved charges as the generators for the continuous nilpotent transformations. This
way, one can also prove the rest of the relations of (102). Finally, we point out that, if the
ghost number of a state is identified with the degree of a form, then, we have two-to-one
mappings: (Qb, Qad)→ d, (Qab, Qd)→ δ and Qω = {Qb, Qd} = −{Qab, Qad} → ∆ between
the conserved charges and the cohomological operators of differential geometry.
There is yet another link that we have not been able to establish, so far, within the frame-
work of BRST formalism in the language of symmetry properties and their corresponding
conserved charges. This issue is connected with the Hodge decomposition theorem which
states that, on a manifold without a boundary, one can uniquely decompose a given n-form
(fn) as a unique sum of an exact form (den−1), a co-exact form (δcn+1) and a harmonic
form wn (i.e. dwn = 0, δwn = 0 ⇒ ∆wn = 0) as [17–20]
fn = wn + d en−1 + δ cn+1, (103)
where the de Rham cohomological operators (d, δ,∆) of differential geometry play a very
decisive role (in the above celebrated Hodge decomposition theorem).
The above issue can also be addressed within the framework of BRST formalism in the
space of quantum Hilbert space of states. In fact, any arbitrary state |ξ〉n with a ghost
number n (i.e. i Qg|ξ〉n = n |ξ〉n) can be decomposed uniquely, in the quantum Hilbert
space of states, in terms of a BRST exact state Qb|ζ〉n−1, a co-exact state Qd|κ〉n+1 and a
harmonic state |w〉n
(
Qw|w〉n = 0⇒ Qb|w〉n = 0, Qd|w〉n = 0
)
as
|ξ〉n = |w〉n +Qb |ζ〉n−1 +Qd |κ〉n+1. (104)
Due to two-to-one mapping between the conserved charges and the cohomological operators:
(Qb, Qad) → d, (Qd, Qab) → δ, (Qw,−Qω) → ∆, it is straightforward to re-express (104)
in an alternative way (in the total quantum Hilbert space of states) as
|ξ〉n = |w〉n +Qad |ζ〉n−1 +Qab |κ〉n+1, (105)
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where |w〉n is the harmonic state (i.e. the most symmetric state in the whole theory) as it
is (anti-)BRST as well as (anti-)co-BRST invariant. In other words, it obeys the following:
Qa(b) |w〉n = 0, Qa(d) |w〉n = 0. (106)
Thus, we note that |w〉n (i.e. the harmonic state) can be chosen to be the physical state
|phys〉 of the theory which respects all the four basic symmetries (s(a)b, s(a)d). We have
chosen the same states in (104) and (105) because there is exactly two-to-one mapping
between the conserved charges and de Rham cohomological operators.
Now we dwell a bit on the constraints of the theory. First of all, we know that the original
Lagrangian density
(
L0 =
1
24
HµνηκHµνηκ
)
is a singular Lagrangian density that supports a
set of primary and secondary constraints which are of first-class variety in the language of
Dirac’s prescription for the classification scheme [33,34]. These are Π0µν = (1/3)H00µν ≈ 0,
and ∂iH
0ijk ≈ 0 which finally imply Πij ≡ (1/3)H00ij ≈ 0,Π0i = (1/3)H000i ≈ 0 and Π˙ij =
−∂kH
0ijk ≈ 0. Taking the physical state as the harmonic state (i.e. |w〉 = |phys〉), we check
that the following operator form of the first-class constraints of the original Lagrangian
density annihilate the physical state |phys〉:
Qb |phys〉 = 0 =⇒ K
0i |phys〉 = 0, Kij |phys〉 = 0,
ε0ijklm(∂kKlm) |phys〉 = 0,
Qd |phys〉 = 0 =⇒ K
0i |phys〉 = 0, Kij |phys〉 = 0,
ε0ijklm(∂kKlm) |phys〉 = 0. (107)
We note that the above constraint conditions on the physical states are nothing but
Πij |phys〉 = 0, Π0i |phys〉 = 0 and Π˙ij |phys〉 = 0. This can be seen from the equa-
tions of motion quoted in (61). It is, furthermore, interesting to note that Qd|phys〉 = 0
yields the constraints on the physical states that are dual to whatever we obtain from
Qb|phys〉 = 0. This statement can be verified from the discrete symmetry transformations
(91) as well.
The other two requirements Qab |phys〉 = 0 and Qad |phys〉 = 0 (that emerge from the
requirement: Qw|phys〉 = 0) lead to the same restrictions as (107). Thus, we finally note
that the primary first-class constraints (Πij ≈ 0,Π0i ≈ 0) and the time derivative (Π˙ij ≈ 0)
annihilate the physical state (|phys〉) of the theory which emerge from Qb|phys〉 = 0. As
a consequence, our quantization scheme is consistent with the Dirac’s prescription for the
quantization of physical systems with constraints. In our present theory, we also obtain
the dual-version of the above constraints on the physical states from Qd |phys〉 = 0. These
conditions Qd |phys〉 = 0, Qb |phys〉 = 0 might force the 6D Abelian 3-form gauge theory,
to be a model for the q-TFT. We plan to dwell on this issue in the next section.
8 Physical aspects of nilpotent symmetries: A few
observations
In our earlier works on 2D (non-)Abelian 1-form gauge theories [10–12], we have exploited
the on-shell nilpotent (anti-)BRST and (anti-)co-BRST symmetry transformations to prove
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that these theories are exact models of topological field theories (TFTs). We have been able
to express the Lagrangian densities as well as symmetric energy momentum tensors of these
2D theories as the sum of BRST and co-BRST exact terms. Furthermore, we have obtained
four sets of topological invariants (I¯k)Ik and (J¯k)Jk w.r.t. the off-shell nilpotent (anti-)
BRST as well as (anti-)co-BRST transformations which obey proper recursion relations
(see, e.g., [33] for details). These invariants are succinctly expressed, respectively, as
I¯k =
∮
Ck
V k, Ik =
∮
Ck
Vk, J¯k =
∮
Ck
W k, Jk =
∮
Ck
Wk, (108)
where (V k)Vk and (W k)Wk are the k-forms (k = 0, 1, 2) and Ck are the homology cycles
on the 2D closed Riemann surface (that is to be an Euclidean version of 2D non-compact
Minkowskian spacetime manifold) on which the 2D theory is defined. It is essential to have
the Euclidean version of the 2D non-compact Minkowskian manifold so that the topological
invariants, homology cycles, etc., could find their proper physical/geometrical meaning [35].
As far as the physical application of our present (anti-)BRST and (anti-)co-BRST sym-
metry transformations is concerned, we would like to study, first of all, the nature of
Lagrangian density (53) in terms of the following on-shell nilpotent symmetries
sbAµνη = ∂µCνη + ∂νCηµ + ∂ηCµν , sbβµ = ∂µC2, sbCµν = ∂µβν − ∂νβµ,
sbβ¯µ =
1
2
(
∂ηC¯ηµ + ∂µC¯1
)
, sbC¯µν = ∂
ηAηµν +
1
2
(
∂µφ
(1)
ν − ∂νφ
(1)
µ
)
,
sbφ
(1)
µ =
1
2
(∂ηCηµ + ∂µC1) , sbC1 =
(
∂ · β
)
, sbC¯2 =
(
∂ · β¯
)
,
sbC¯1 =
(
∂ · φ(1)
)
, sb
[
C2, φ
(2)
µ , Hµνηκ
]
= 0, (109)
sdAµνη =
1
2
εµνηκρσ ∂
κC¯ρσ, sdβ¯µ = ∂µC¯2, sdC¯µν = ∂µβ¯ν − ∂ν β¯µ,
sdβµ = −
1
2
(∂ηCηµ + ∂µC1) , sdC¯1 =
(
∂ · β¯
)
, sdC1 =
(
∂ · φ(2)
)
,
sdCµν =
1
4!
εµνηκρσH
ηκρσ +
1
2
(
∂µφ
(2)
ν − ∂νφ
(2)
µ
)
, sdC2 = −
(
∂ · β
)
,
sdφ
(2)
µ =
1
2
(
∂ηC¯ηµ + ∂µC¯1
)
, sd
[
C¯2, φ
(1)
µ , ∂
ηAηµν
]
= 0, (110)
which are derived from the off-shell nilpotent BRST and co-BRST symmetry transforma-
tions [cf. (55), (70)] by the following substitutions
Kµν = ∂
ηAηµν +
1
2
(
∂µφ
(1)
ν − ∂νφ
(1)
µ
)
, B2 =
(
∂ · β¯
)
, B3 =
(
∂ · φ(2)
)
,
Kµν =
1
4!
εµνηκλρ H
ηκλρ +
1
2
(
∂µφ
(2)
ν − ∂νφ
(2)
µ
)
, B1 =
(
∂ · φ(1)
)
,
fµ =
1
2
(
∂ηCηµ + ∂µC1
)
, F¯µ =
1
2
(
∂ηC¯ηµ + ∂µC¯1
)
, B = −
(
∂ · β
)
. (111)
The above relations emerge, as the equations of motion, from the Lagrangian density (53).
We note that s(b)d are on-shell
(
C1 = 0, C¯1 = 0, C2 = 0, C¯2 = 0, βµ = 0, β¯µ =
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0, φ
(1)
µ + ∂µ(∂ ·φ
(1)) = 0, φ
(2)
µ + ∂µ(∂ ·φ
(2)) = 0, Cµν − (3/4)
[
∂µ
(
∂ηCην
)
−∂ν
(
∂ηCηµ
)]
= 0, C¯µν − (3/4)
[
∂µ
(
∂ηC¯ην
)
− ∂ν
(
∂ηC¯ηµ
)]
= 0
)
nilpotent (i.e. s2(b)d = 0). Furthermore,
these are actual symmetry transformations for the following Lagrangian density
L˜(b) =
1
2
[
∂ηAηµν +
1
2
(
∂µφ
(1)
ν − ∂νφ
(1)
µ
) ][
∂κA
κµν +
1
2
(
∂µφν(1) − ∂νφµ(1)
) ]
−
1
2
[
1
4!
εµνηκρσH
ηκρσ +
1
2
(
∂µφ
(2)
ν − ∂νφ
(2)
µ
)] [ 1
4!
εµναγλζHαγλζ
+
1
2
(
∂µφν(2) − ∂νφµ(2)
) ]
+
(
∂µC¯νη + ∂νC¯ηµ + ∂ηC¯µν
)(
∂µCνη
)
−
(
∂ · β¯
)(
∂ · β
)
− ∂µC¯2 ∂
µC2 +
1
2
(
∂ · φ(1)
)2
−
(
∂µβ¯ν − ∂ν β¯µ
) (
∂µβν
)
+
1
2
(
∂µC¯
µν + ∂νC¯1
) (
∂ηCην + ∂νC1
)
−
1
2
(
∂ · φ(2)
)2
, (112)
which is derived from (53) by the appropriate substitutions from (111). For an exact
topological field theory, it is essential that this Lagrangian density should be able to be
expressed as the sum of BRST and co-BRST exact terms (especially for a field theoretic
model for the Hodge theory as is the case with our earlier works on 2D (non)Abelian
theories [10]).
We demonstrate that our present model of 6D Abelian 3-form gauge theory is a model
for a quasi-topological field theory (q-TFT) because one can express (112) as the sum of
BRST and co-BRST exact terms modulo a total spacetime derivative term plus a single
extra term. To corroborate the above statement, it can be checked that, we have the
following
L˜(b) = sb
[
T1 + T2 + T3 + T4 + T5
]
+ sd
[
P1 + P2 + P3 + P4 + P5
]
−
1
2
(
∂µC¯
µν
) (
∂ηCην
)
− ∂µZ
µ. (113)
Here the exact expressions for Ti, Pi (i = 1, 2, ..., 5) and Z
µ are as listed below
T1 =
1
2
[
∂ηAηµν +
1
2
(
∂µφ
(1)
ν − ∂νφ
(1)
µ
)]
C¯µν , T2 =
1
2
(
∂ · φ(1)
)
C¯1,
T3 = −
1
2
(
∂ · β
)
C¯2, T4 = −
1
2
(
∂µβ¯ν
)
Cµν , T5 = −
1
2
(
∂ · β¯
)
C1, (114)
P1 = −
1
2
[
1
4!
εµνηκρσH
ηκρσ +
1
2
(
∂µφ
(2)
ν − ∂νφ
(2)
µ
)]
Cµν , P5 =
1
2
(
∂ · β
)
C¯1,
P3 =
1
2
(
∂ · β¯
)
C2, P4 = −
1
2
(
∂µβν
)
C¯µν , P2 = −
1
2
(
∂ · φ(2)
)
C1, (115)
Zµ =
1
2
[(
∂µCνη + ∂νCηµ + ∂ηCµν
)
C¯νη −
(
∂µC2
)
C¯2 − C¯
µν
(
∂ηCην
)
−
(
∂ηC¯
ηµ + ∂µC¯1
)
C1 −
(
∂µC¯νη + ∂νC¯ηµ + ∂ηC¯µν
)
Cνη
−
(
∂ηC¯ην + ∂νC¯1
)
Cµν +
(
∂µC¯2
)
C2
]
. (116)
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Thus, we note that the Lagrangian density (113) looks very much like the model for an
exact TFT but for the term 1
2
(
∂µC¯
µν
)(
∂ηCην
)
. This is why, we have christened our present
theory as a model for the q-TFT because it misses by a single term to be an exact model for
TFT. The same kind of observation has been made in our earlier work on 4D free Abelian
2-form gauge theory where we have proven its quasi-topological nature [24] in an explicit
manner.
We now focus on the topological invariants like (108). For our present 6D Abelian
3-form gauge theory, the invariants like (108), are as follows
V0(+3) =
(
B1C2
)
,
V1(+2) =
[(
∂µC¯1
)
C2 +B1 βµ
]
dxµ,
V2(+1) =
[(
∂µC¯1
)
βν +
1
2!
B1 Cµν
] (
dxµ ∧ dxν
)
,
V3(0) =
[
1
2!
(
∂µC¯1
)
Cνη +
1
3!
B1 Aµνη
](
dxµ ∧ dxν ∧ dxη
)
,
V4(−1) =
[
1
3!
(∂µC¯1
)
Aνηκ +
1
4!
C¯1 Hµνηκ
](
dxµ ∧ dxν ∧ dxη ∧ dxκ
)
≡ d
[
1
3!
C¯1 Aνηκ
] (
dxν ∧ dxη ∧ dxκ
)
,
V5(−2) = 0,
(
d2 = 0
)
. (117)
The above invariants are defined (w.r.t. Qb) on the Euclidean version of the non-compact
6D Minkowskian spacetime manifold where our present theory is considered. At this stage,
a few useful comments are in order. First, the zero-form invariant V0(+3) is BRST invariant
(i.e. sbV0 = 0). Second, the numbers (+3,+2,+1, 0,−1) in the round brackets correspond
to the ghost numbers that uniquely characterize the topological invariants. Third, the
invariants terminate at k = 4 as, V4(−1) with ghost number (−1), turns out to be an
exact form. Fourth, the topological invariants I¯k (w.r.t. anti-BRST symmetries) can be
obtained from Ik (k = 0, 1, 2, 3, 4, 5) by the replacements: C2 → C¯2, Cµν → C¯µν , Kµν →
K¯µν , C¯µν → Cµν , Aµνη → Aµνη and Hµνηκ → Hµνηκ. Fifth, it is clear that the ghost
numbers for the existing invariants I¯k w.r.t. anti-BRST symmetries would be in the order
(−3,−2,−1, 0, +1), respectively. Finally, as a key signature of the topological properties,
the above invariants obey the following recursion relations:
sb Ik = d Ik−1, sab I¯k = d I¯k−1, k = 1, 2, 3, 4, 5. (118)
Thus, it is clear that our present model of 6D Abelian 3-form gauge theory captures one of
the key features of an exact TFT (see, e.g., [10–12] for details).
Analogous to the topological invariants (I¯k)Ik w.r.t. the off-shell nilpotent symmetries
and corresponding conserved (anti-)BRST charges, one can write down the invariants with
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respect to the (anti-)co-BRST charges. The ones, w.r.t. the co-BRST charge, are
W 0(−3) =
(
B3 C¯2
)
,
W 1(−2) =
[(
∂µC1
)
C¯2 +B3 β¯µ
]
dxµ,
W 2(−1) =
[(
∂µC1
)
β¯ν +
1
2!
B3 C¯µν
] (
dxµ ∧ dxν
)
,
W 3(0) =
[
1
3!
(
∂µC¯1
)
Cνη +B3
(
1
3!
εµνηκρσ A
κρσ
)](
dxµ ∧ dxν ∧ dxη
)
,
W 4(+1) =
[
1
3!
(
∂µC1
) ( 1
3!
ενηκλρσ A
λρσ
)
+
1
3!
B3
(
1
3!
ενηκλρσ∂µA
λρσ
)](
dxµ ∧ dxν ∧ dxη ∧ dxκ
)
≡ d
[
1
3!
C1
(
1
3!
ενηκλρσ A
λρσ
)] (
dxν ∧ dxη ∧ dxκ
)
,
W 5(+2) = 0, (d
2 = 0). (119)
A few comments are in order, at this juncture. First, it can be checked that W 0(−3)
is a co-BRST invariant quantity [i.e. sdW 0(−3) = 0]. Second, the five numbers
(−3,−2,−1, 0,+1) in the round brackets correspond to the ghost numbers which provide
the accurate characterization of a specific invariant. Third, one can obtain the k-forms
Wk (k = 0, 1, 2, 3, 4) w.r.t. anti-co-BRST charge by the replacements: C¯2 → C2, C¯µν →
Cµν , Kµν → K¯µν , Cµν → C¯µν , β¯µ → βµ and Aµνη → Aµνη. Fourth, the ghost numbers of
invariants Wk (with k = 0, 1, 2, 3, 4, 5) would be in the order (+3,+2,+1, 0, −1). Fifth, the
forms W 4(+1) and W4(−1) turn out to be exact forms. As a consequence, we find that
W 5 = 0,W5 = 0 due to d
2 = 0. Finally, the above invariants follow the recurrence relations
sdW k = dW k−1, sadWk = dWk−1, k = 1, 2, 3, 4, 5. (120)
We note that our present theory does capture one of the key features of TFT. We have
purposely denoted the invariants w.r.t. the co-BRST charge with a bar (W k) because the
anti-ghost fields appear in the co-BRST symmetry transformations [cf. (70), (110)]. As a
consequence, the invariants, w.r.t. the anti-co-BRST charge, are denoted without a bar.
This observation should be contrasted with the invariants w.r.t. BRST and anti-BRST
charges where we have taken the opposite convention for the notations of these invariants.
Now we focus on the invariants starting with the ghost number (+2) w.r.t. the BRST
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charge. A set of such quantities [that follows the recursion relations (118)] are
V0(+2) = K
µν
(
∂µβν
)
,
V1(+1) =
[(
∂µC¯
νη
)(
∂νβη
)
+
1
2!
Kνη
(
∂µCνη
)]
dxµ,
V2(0) =
[
1
2!
(
∂µC¯
ηκ
)(
∂νCηκ
)] (
dxµ ∧ dxν)
≡ d
[
1
2!
C¯ηκ
(
∂νCηκ
)]
dxν ,
V3(−1) = 0, (d
2 = 0). (121)
As discussed earlier, we can obtain the invariants starting with ghost number (−2) w.r.t.
the conserved and nilpotent anti-BRST charge by the replacements: Kµν → K¯µν , Cµν →
C¯µν , C¯µν → Cµν and βµ → β¯µ. To compute the invariants (W k) (with k = 0, 1, 2, 3) w.r.t.
the co-BRST charge, we have to replace: Kµν → Kµν , βµ → β¯µ, Cµν → C¯µν , C¯µν → Cµν in
the above set of invariants. As is evident, these invariants will be characterized by the ghost
numbers (−2,−1, 0). These invariants, w.r.t. the nilpotent (anti-)co-BRST charges, obey
the recursion relations (120). Similarly, the invariants Wk (with k = 0, 1, 2, 3), w.r.t. the
anti-co-BRST charge, can be obtained from Vk by the only the replacement Kµν → K¯µν . As
a consequence, these invariants would be characterized by the ghost numbers (+2,+1, 0).
Thus, we conclude that if we know the set of invariants w.r.t. the conserved and nilpotent
BRST charge, we can obtain all the other invariants w.r.t. anti-BRST and (anti-)co-BRST
charges by exploiting the appropriate discrete symmetry transformations listed in Sect. 6.
We venture, now, to obtain the invariants w.r.t. the nilpotent and conserved BRST
charge corresponding to the ghost number (+1). These invariants, obeying the recursion
relations (118), are as follows
V0(+1) = K
µνCµν − C¯
µν
(
∂µβν − ∂νβµ
)
,
V1(0) =
[(
∂µC¯
νη
)
Cνη + C¯
νη
(
∂µCνη
)]
dxµ
≡ d
[
C¯νηCνη
]
,
V2(−1) = 0, (d
2 = 0). (122)
It is evident, from our previous discussions, that the invariants [starting with the ghost
number (−1)] w.r.t. the anti-BRST charge can be obtained from the above by the replace-
ments: Kµν → K¯µν , Cµν → C¯µν , C¯µν → Cµν , βµ → β¯µ. These invariants would also obey
the recursion relations (118). From the set of invariants listed in (122), we can obtain all
the invariants of theory w.r.t. anti-BRST and (anti-)co-BRST charges by appropriate use
of discrete symmetry transformation of Sect. 6. This has already been done for the invari-
ants starting with ghost number (+2) from equation (121). Exactly the same substitutions,
from the discrete symmetry transformations of Sect. 6, have to be exploited here, too, for
the complete list of invariants.
We make, in the following, some remarks that are very decisive. These are connected
with some invariants which obey exactly the same recursion relations as (118) and (120)
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but they are not physically interesting on various grounds. First, we discuss about the
alternative to the BRST invariants with the characteristic ghost number (+1). These can
be also constructed as follows
V0(+1) =
(
∂µK
µν
)
fν ,
V1(0) =
[
∂µ
(
∂νC¯
νη
)
fη +
(
∂νK
νη
) (
∂µφ
(1)
η
) ]
dxµ,
V2(−1) =
[
∂µ
(
∂ηC¯
ηκ
) (
∂νφ
(1)
κ
) ]
dxµ ∧ dxν
≡ d
[(
∂ηC¯
ηκ
) (
∂νφ
(1)
κ
) ]
dxν ,
V3(−2) = 0, (d
2 = 0). (123)
However, one can check that the mass dimension of V0(+1), in the above equation, is
seven (i.e. [V0(+1)] = [M ]
7) in the natural units where ~ = c = 1. In a 6D theory, an
invariant of mass dimension seven is not allowed. Thus, we do not include (123) in the
list of appropriate invariants. Similarly, a set of BRST invariants starting with the ghost
number (+2) can be constructed as
V0(+2) =
(
∂ · F¯
)
C2,
V1(+1) =
[
∂µ
(
∂ · β¯
)
C2 −
(
∂ · F¯
)
βµ
]
dxµ,
V2(0) =
[
1
2!
(
∂ · F¯
)
Cµν − ∂µ
(
∂ · β¯
)
βν
] (
dxµ ∧ dxν
)
,
V3(−1) =
[
1
2!
∂µ
(
∂ · β¯
)
Cνη −
1
3!
(
∂ · F¯
)
Aµνη
](
dxµ ∧ dxν ∧ dxη
)
,
V4(−2) = −
[
1
3!
∂µ
(
∂ · β¯
)
Aνηκ +
1
4!
(
∂ · β¯
)
Hµνηκ
](
dxµ ∧ dxν ∧ dxη ∧ dxκ
)
≡ d
[
−
1
3!
(
∂ · β¯
)
Aνηκ
] (
dxν ∧ dxη ∧ dxκ
)
,
V5(−3) = 0, (d
2 = 0), (124)
which obey the correct recursion relation. As discussed earlier, other invariants correspond-
ing to (123) and (124) can also be obtained by exploiting the appropriate discrete symmetry
transformations of Sect. 6.
We note that the mass dimension of V0(+2) is six (i.e. [V0(+2)] = [M ]
6) in natural
units (where ~ = c = 1). Thus, we have two invariants carrying the mass-dimension six [cf.
(121), (124)]. However, we discard (124) as physical invariant because only ghost fields are
present in (124). We prefer invariant V0(+2) in (121) as it contains some physical fields
because Kµν = ∂
ηAηµν +
1
2
[∂µφ
(1)
ν − ∂νφ
(1)
µ ]. Physically, all the invariants of this section are
“confined” because they form composite with the (anti-)ghost fields of our present theory.
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For the sake of completeness, we would like to point out that the following objects
k∑
i=1
(−1)i Vi(k − i),
k∑
i=1
(−1)i V i(k − i),
k∑
i=1
(−1)iWi(k − i),
k∑
i=1
(−1)iW i(k − i), (125)
define a class of the kth-cohomology group w.r.t. BRST, anti-BRST, co-BRST and anti-
co-BRST charges. As a consequence, the above objects carry some topological information
about the (super)manifold.
We wrap up this section with a couple of remarks. First, we have discussed the quasi-
topological nature of 6D Abelian 3-form gauge theory by exploiting the on-shell nilpotent
BRST and co-BRST symmetry transformations [cf. (113)]. However, one can discuss the
above properties in terms of the on-shell nilpotent anti-BRST and anti-co-BRST symmetry
as well (where the Lagrangian density (54) would play very important role). Second, it is
known in literature that, even if there are propagating degrees of freedom in a theory, the
theory can still capture some of the key features of TFT (see, e.g., [36,37] for details). We
have shown that, exactly above kind of situation is prevalent in the case of 4D Abelian
2-form [24] as well as 6D Abelian 3-form gauge theories which are perfect models for the
Hodge theory. This observation should be contrasted with the 2D Abelian 1-form gauge
theory which is a perfect model for a new kind of TFT as well as a Hodge theory [10]. In
all the above claims, the dual-BRST (i.e. co-BRST) symmetry plays a very significant role.
9 Conclusions
In our present endeavor, we have been able to establish that the “classical” dual-gauge
symmetry transformations would be always associated with any arbitrary Abelian p-form
(p = 1, 2, 3, ...) gauge theory in some specific D-dimensions of spacetime (when D = 2p).
We have been able to show concisely that this is true in the cases of Abelian 1-form gauge
theory in two (1 + 1)-dimensions of spacetime [10–12], Abelian 2-form gauge theory in four
(3 + 1)-dimensions of spacetime [13–16] and, in our present investigation, we have shown
the existence of dual-gauge symmetry transformations for the Abelian 3-form gauge theory
in higher (D > 4) six (5 + 1)-dimensions of spacetime in great detail.
In all the above discussions, we have considered the gauge-fixed Lagrangian densities in
the Feynman gauge only because the discrete symmetry transformations (i.e. the analogue
of Hodge duality operator) are respected when this “gauge” is chosen. In other words,
the most symmetric theory (i.e. the one respecting the discrete as well as continuous
symmetries) itself chooses the “Feynman gauge” out of all the gauges available in the
literatures on quantization of gauge theories. Thus, we firmly believe that a D = 2p
dimensional Abelian p-form gauge theory would always be endowed with the dual-gauge
symmetry transformations at the “classical” level in the Feynman gauge which can be
promoted to the quantum level.
We know that the usual gauge symmetries are generated by the first-class constraints (in
the language of Dirac’s prescription [33,34] for the classification scheme) of any arbitrary
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p-form gauge theory in any arbitrary D-dimensions of spacetime. However, the dual-gauge
symmetries exist for any arbitrary Abelian p-form gauge theory only in D = 2p dimensions
of spacetime where the origin for such an existence lies in the self-duality condition [cf. (4),
(8), (37)]. In other words, the dual-gauge symmetry exists for the Abelian p-form gauge
theories where there is a self-duality condition which is mathematically dictated by the Levi-
Civita tensor of the D = 2p dimensions of spacetime. There is yet another distinguishing
feature that differentiates the gauge- and dual-gauge symmetry transformations for an
Abelian theory. Whereas the curvature tensor (owing its origin to the exterior derivative)
remains invariant under the continuous gauge symmetry transformations, it is the gauge-
fixing term (owing its origin to the co-exterior derivative) that remains invariant under the
continuous dual-gauge symmetry transformations.
For the 2p-dimensional Abelian p-form gauge theories, one can generalize the above
“classical” dual-gauge symmetry transformations to the “quantum” level in the language
of off-shell nilpotent (anti-)dual BRST [or (anti-)co-BRST] symmetry transformations. The
latter off-shell nilpotent and absolutely anticommuting symmetry transformations should
be contrasted with the usual off-shell nilpotent and absolutely anticommuting (anti-)BRST
symmetry transformations. In fact, it is the total kinetic term that remains invariant under
the proper (anti-)BRST symmetry transformations whereas it is the total gauge-fixing term
that remains unchanged under the proper (anti-)co-BRST symmetry transformations. For
the Abelian p-form gauge theory, the curvature tensor for the gauge field (owing its origin
to the exterior derivative) remains certainly invariant under the nilpotent (anti-)BRST
transformations. However, for such theories, it is the gauge-fixing term for the same gauge
field (owing its origin to the co-exterior derivative) that remains definitely unchanged under
the (anti-)co-BRST transformations. Hence, the nomenclatures are very appropriate for
the above nilpotent symmetry transformations.
It is of utmost importance to point out that exactly similar kind of restrictions [cf. (3),
(6), (36)] must be imposed on the (dual-)gauge parameters for the existence of (dual-)gauge
invariance of the gauge-fixed Lagrangian densities of any arbitrary D = 2p dimensional
Abelian p-form gauge theory. Within the framework of the BRST formalism, however,
there are no such restrictions on any parameters of the theory. The coupled Lagrangian
densities (53), (54) respect both the off-shell nilpotent (anti-)BRST and (anti-)co-BRST
symmetry transformations [cf. (57), (55), (72) and (70)] on the hypersurface defined by
the CF-type restrictions [cf. (47) and (66)]. These Lagrangian densities provide a tractable
field theoretic models for the Hodge theory in the Feynman gauge.
For all the D = 2p dimensional Abelian p-form gauge theories, one can define a bosonic
symmetry in the theory that emerges from the suitable anticommutators between the above
nilpotent (anti-)BRST and (anti-)co-BRST symmetry transformations. These nilpotent
symmetry transformations provide the physical realizations of the (co-)exterior derivatives
and their appropriate anticommutators provide the physical realization of the Laplacian
operator. There always exists a ghost-scale symmetry in the above theories which is needed
for the definition of the ghost number of a state in the quantum Hilbert space. Together, the
algebraic structures of all the six continuous symmetries (and their corresponding genera-
tors) provide the physical realizations of the algebra obeyed by the de Rham cohomological
operators (as well as the Hodge decomposition theorem that is defined in terms of the above
cohomological operators [cf. (103)-(105)]).
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There exists a discrete set of symmetries in the above D = 2p dimensional Abelian
p-form gauge theories that is connected with the self-duality conditions [cf. (4), (8), (37)].
This condition, in turn, is very intimately related with the Hodge duality (∗) operation of
differential geometry. As a consequence, these symmetries provide the physical realization
of the Hodge duality (∗) operation (of differential geometry). Thus, the spacetime D = 2p
dimensional Abelian p-form gauge theories (in the Feynman gauge) automatically provide
the field theoretic models for the Hodge theory where all the de Rham cohomological
operators, Hodge duality (∗) operation and Hodge decomposition theorem, etc., find their
physical realizations in the language of discrete and continuous symmetry properties of
these theories. Furthermore, it turns out that the mathematical condition ∗ d ∗ A(p) =
δ A(p) is always satisfied for the Abelian p-form gauge theories in D = 2p dimensions
of flat spacetime. Such theories are always endowed with the dual-gauge and off-shell
nilpotent and absolutely anticommuting (anti-)co-BRST symmetry transformations (see,
e.g., Appendix D for details).
One of the novel observations in our present investigation is the fact that {sb, sad} =
s
(1)
ω and {sd, sab} = s
(2)
ω define new bosonic symmetries in the theory. However, these
new bosonic symmetries cannot be identified with the Laplacian operator of differential
geometry because these do not commute with the ghost-scale symmetry transformations.
Hence, these do not correspond to the Casimir operators for the whole algebra. Further, a
close look and a careful observation of the transformations in (90) shows that sd and sab (as
well as sb and sad) anticommute with each-other up to a U(1) vector gauge transformations.
In the context of 2D Abelian 1-form [10–12] and 4D Abelian 2-form gauge theory [13–
16], it has been found that {sb, sad} = 0 and {sd, sab} = 0 (which imply the absolute
anticommutativity between the above nilpotent (fermionic) transformations). We have
discussed, in detail, about these new bosonic symmetries in our Appendix E and established
that these can not be identified with the Laplacian operator of differential geometry.
In our earlier works on 2D (non-)interacting Abelian 1-form [10] and 4D Abelian 2-form
gauge theories [24], we have shown that the former theories turn out to be a perfect model
for a new TFT and the latter theory is proven to be a model for q-TFT. Both varieties
of theories are, however, perfect field theoretic models for the Hodge theory. We have
proven, in our present investigation (cf. Sect. 8) that the 6D Abelian 3-form gauge theory,
besides being a perfect model for the Hodge theory, is also a model for the q-TFT where
the physical application of the dual-BRST symmetry turns up in a very convincing manner.
In other words, as is evident from the d.o.f. counting, we have demonstrated that the 6D
Abelian 3-form gauge theory is not a perfect model for the TFT. We note, in passing, that
the physical contents of the 4D Abelian 2-form and 6D Abelian 3-form gauge theories are
very much similar to each-other within the framework of BRST formalism as both of them
are the perfect models for the Hodge theory as well as q-TFT.
We have not discussed, in our present investigation, anything about the interacting
p-form gauge theories (with matter fields) as well as the more general non-Abelian p-form
gauge theories. In this connection, we would like to state that, so far, we have been able to
establish that the interacting 2D Abelian 1-form gauge theory with Dirac fields [10] and the
2D (non-)Abelian 1-form gauge theories (without any interaction with matter fields) also
provide the field theoretic models for the Hodge theory (see, e.g., [11,12]). It would be very
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challenging endeavor to obtain the tractable field theoretic models for the Hodge theory
in the cases of interacting (non-)Abelian p-form (p ≥ 2) gauge theories in any arbitrary
dimension of spacetime (where matter fields would be also present). These are some of
the issues that are presently under investigation and our results would be reported in the
future.
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Appendix A: Coupled Lagrangian densities
In our earlier works [21,22], we have derived the gauge-fixing and Faddeev-Popov ghost
terms for the starting Lagrangian density (L(0) =
1
24
HµνηκHµνηκ), within the framework of
BRST formalism, by exploiting the following standard expressions (see, e.g., [21,22]):
L
(0)
(b) =
1
24
HµνηκHµνηκ + sb sab
[
1
2
C¯2C2 −
1
2
C¯1C1 −
1
2
C¯µν C
µν
−
1
2
φ(1)µ φ
µ(1) −
1
2
φ(2)µ φ
µ(2) − β¯µ β
µ −
1
6
Aµνη A
µνη
]
, (A.1)
L
(0)
(b¯)
=
1
24
HµνηκHµνηκ − sab sb
[
1
2
C¯2C2 −
1
2
C¯1C1 −
1
2
C¯µν C
µν
−
1
2
φ(1)µ φ
µ(1) −
1
2
φ(2)µ φ
µ(2) − β¯µ β
µ −
1
6
Aµνη A
µνη
]
, (A.2)
where sb and sab are the off-shell nilpotent symmetry transformations (55) and (57), respec-
tively, and
(
L
(0)
(b) , L
(0)
(b¯)
)
are the coupled (but equivalent) Lagrangian densities that respect
the nilpotent (anti-)BRST symmetry transformations s(a)b. Within the above square brack-
ets in (A.1) and (A.2), we have chosen the combinations of fields that have mass dimensions
equal to four and ghost numbers equal to zero for the derivation of the 6D (anti-)BRST
invariant Lagrangian densities. The emerging Lagrangian densities, however, do not pro-
duce the fermionic CF-type of conditions (66) from the equations of motion. Thus, we have
altered a bit the above combinations of fields in the square brackets of (A.1) and (A.2) as
L(b) =
1
24
HµνηκHµνηκ + sb sab
[
1
2
C¯2C2 −
1
2
C¯1C1 −
1
2
C¯µν C
µν
−
1
2
φ(1)µ φ
µ(1) −
1
2
φ(2)µ φ
µ(2) + β¯µ β
µ −
1
6
Aµνη A
µνη
]
, (A.3)
L(b¯) =
1
24
HµνηκHµνηκ − sab sb
[
1
2
C¯2C2 −
1
2
C¯1C1 −
1
2
C¯µν C
µν
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−
1
2
φ(1)µ φ
µ(1) −
1
2
φ(2)µ φ
µ(2) + β¯µ β
µ −
1
6
Aµνη A
µνη
]
, (A.4)
which leads to the derivation of appropriate coupled and equivalent Lagrangian densities
(53) and (54) (see, Sect. 3). The Lagrangian densities [i.e. (53), (54)] yield CF-type of
restrictions (47) and (66) from equations of motion [cf. (61), (62)].
We would like to lay stress on the fact that the difference between (A.1) as well as (A.2)]
and [(A.3) as well as (A.4)] is only the term β¯µβµ which carries (−) sign in the former pair
and (+) sign in the latter pair. The key advantage of the choice in (A.3) and (A.4)] leans
heavily on the derivation of CF-type restrictions (47) and (66) which automatically turn
out to be (anti-)BRST as well as (anti-)co-BRST invariant. This happens because (47) and
(66) are derived from the equations of motion which always respect the basic symmetries of
the theory. As a consequence, these (anti-)BRST and (anti-)co-BRST invariant restrictions
are physical in some sense (particularly in the light of our theory being a model for the
Hodge theory).
Appendix B: Nilpotency of Q(a)b
In this Appendix, we shall explicitly show that the BRST charge Qb is nilpotent of order
two (i.e. Q2b = 0⇒
1
2
{Qb, Qb} = 0) from the symmetry principle sbQb = −i{Qb, Qb} = 0
where the conserved and nilpotent BRST charge Qb plays the key role of a generator.
For this purpose, we use here the BRST symmetry transformations sb [cf. (55)] and the
expression for the conserved charge Qb [cf. (64)]. It can be explicitly checked that
sbQb = −
∫
d5x
[
(∂0F¯ i − ∂iF¯ 0)(∂iC2)
+ (∂0Kνη + ∂νKη0 + ∂ηK0ν)(∂νβη − ∂ηβν)
]
. (B.1)
The following E-L equations of motion [cf. (61)]
 C¯µν −
3
2
(∂µF¯ν − ∂νF¯µ) = 0, ∂µC¯
µν + ∂νC¯1 − 2F¯
ν = 0,
1
2
εµνηκλρ (∂
µKνη) = ∂κKλρ + ∂λKρκ + ∂ρKκλ, (B.2)
can be exploited to re-express (B.1) in a different form. For instance, we obtain the
following useful relations:
(∂0F¯ i − ∂iF¯ 0) =
2
3
 C¯0i, ∂iC¯
0i = ∂0C¯1 − 2F¯
0,
∂0Kνη + ∂νKη0 + ∂ηK0ν = −
1
2
ε0µλρνη(∂µKλρ), (B.3)
from (B.2) as special cases. Using the above equations of motion (B.3) in equation (B.1)
and performing a partial integration, we can re-express (B.1) as follows:
sbQb =
∫
d5x ∂i
[
−
2
3
(
 C¯0i
)
C2 +
1
2
ε0ijklm Kjk(∂lβm − ∂mβl)
]
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+
2
3
∫
d5x
[
∂0( C¯1) C2 − 2( F¯
0) C2
]
. (B.4)
It is clear from the above expression that the first integral vanishes at infinity (due to
Gauss’s divergence theorem) and the second integral is equal to zero due to the Euler-
Lagrange equations of motion  C¯1 = 0 and  F¯
0 = 0 . Therefore, sbQb = −i {Qb, Qb} = 0
implies that the BRST charge Qb is nilpotent.
In an exactly similar fashion, we prove the nilpotency of the anti-BRST charge Qab by
exploiting the principle of symmetry transformations where the concept of generator plays
an important role. For instance, taking the help from (63) and (67), it can be checked that
sabQab =
∫
d5x
[
− (∂0F i − ∂iF 0)(∂iC¯2)
+(∂0K¯νη + ∂νK¯η0 + ∂ηK¯0ν)(∂ν β¯η − ∂ηβ¯ν)
]
. (B.5)
The above expression can be re-expressed by using the following Euler-Lagrange equations
of motion [cf. (62)] that emerge from the Lagrangian density L(b¯), namely;
1
2
εµνηκλρ (∂
µK¯νη) = ∂κK¯λρ + ∂λK¯ρκ + ∂ρK¯κλ,
Cµν +
3
2
(∂µFν − ∂νFµ) = 0. (B.6)
Actually, it can be seen that the above equations lead to
∂0K¯νη + ∂νK¯η0 + ∂ηK¯0ν = −
1
2
ε0µλρνη (∂µK¯
λρ),
(∂0F i − ∂iF 0) = −
2
3
 C0i, (B.7)
as special cases. Substitution of (B.7) into (B.5), yields
sabQab =
∫
d5x ∂i
[
2
3
( C0i) C¯2 −
1
2
ε0ijklm K¯jk(∂lβ¯m − ∂mβ¯l)
]
−
2
3
∫
d5x
[
 (∂iC
0i)
]
C¯2. (B.8)
This expression can be further simplified by using the equation of motion ∂µC
µν − ∂νC1 +
2F ν = 0 which leads to ∂iC
0i = −(∂0C1) + 2F
0. The final form of (B.8) is:
sabQab =
∫
d5x ∂i
[
2
3
( C i0) C¯2 −
1
2
ε0ijklm K¯jk(∂lβ¯m − ∂mβ¯l)
]
+
2
3
∫
d5x
[
∂0(C1) C¯2 − 2(F
0) C¯2
]
. (B.9)
The above equation explicitly implies that sabQab = −i {Qab, Qab} =⇒ Q
2
ab = 0 when we
use the Euler-Lagrange equations of motion  C1 = 0 and  F
0 = 0 and throw away the
total space derivative terms.
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Appendix C: Anticommutativity check
Here we provide the key ingredients for the proof of absolute anticommutativity of the con-
served (anti-)BRST charges Q(a)b [cf. (63), (64)] with the help of symmetry transformations
[cf. (57), (55)] and the concept of generators for the theory. Let us take as an example the
proof of sbQab = −i{Qab, Qb} = 0. Using (63) and (55), we obtain the following:
sbQab =
∫
d5x
[
1
2!
ε0ijklm (∂iKjk) K¯lm − (∂
0Kνη + ∂νKη0 + ∂ηK0ν)K¯νη
+ K¯0i (∂iB1) + (∂
0C¯νη + ∂νC¯η0 + ∂ηC¯0ν) (∂νfη − ∂ηfν) +B2 B˙
− (∂0βi − ∂iβ0) (∂iB2) + (∂
0f i − ∂if 0) f¯i +B B˙2
− (∂0Cνη + ∂νCη0 + ∂ηC0ν) (∂νF¯η − ∂ηF¯ν) +B1 B˙1
+ (∂0β¯i − ∂iβ¯0) (∂iB)− (∂
0F¯ i − ∂iF¯ 0)Fi
]
. (C.1)
The above expression requires some involved algebraic computations in the proof of sbQab =
−i {Qab, Qb} = 0. Therefore, for the sake of brevity as well as step-by-step computations,
we divide the r.h.s. of (C.1) into four parts as given below
I1 =
∫
d5x
[
1
2!
ε0ijklm (∂iKjk) K¯lm − (∂
0Kνη + ∂νKη0 + ∂ηK0ν)K¯νη
]
,
I2 =
∫
d5x
[
K¯0i (∂iB1) +B1 B˙1
]
,
I3 =
∫
d5x
[
(∂0β¯i − ∂iβ¯0)(∂iB) +B B˙2 +B2 B˙ − (∂
0βi − ∂iβ0)(∂iB2)
]
,
I4 =
∫
d5x
[
(∂0C¯νη + ∂νC¯η0 + ∂ηC¯0ν) (∂νfη − ∂ηfν) + (∂
0f i − ∂if 0) f¯i
−(∂0Cνη + ∂νCη0 + ∂ηC0ν) (∂νF¯η − ∂ηF¯ν)− (∂
0F¯ i − ∂iF¯ 0) Fi
]
. (C.2)
Exploiting the CF-type condition Kµν + K¯µν = ∂µφ
(1)
ν − ∂νφ
(1)
µ [cf. (47)], the second term
of the integral I1 can be re-expressed as
−
∫
d5x
(
∂0Kνη + ∂νKη0 + ∂ηK0ν
)
K¯νη
=
∫
d5x
(
∂0K¯νη + ∂νK¯η0 + ∂ηK¯0ν
)
K¯νη. (C.3)
The E-L equations of motion 1
2
εµνηκλρ (∂
µK¯νη) = ∂κK¯λρ+∂λK¯ρκ+∂ρK¯κλ [cf. (62)], derived
from the Lagrangian density L(b¯), imply
∂0K¯νη + ∂νK¯η0 + ∂ηK¯0ν = −
1
2
ε0µλρνη(∂µK¯λρ). (C.4)
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Substituting (C.4) into the expression I1 of (C.2) and performing partial integration, we
obtain the following
I1 = −
1
2!
∫
d5x ∂i
(
ε0ijklm K¯jk K¯lm
)
+
1
2!
∫
d5x ε0ijklm
[
∂i(Kjk + K¯jk)
]
K¯lm. (C.5)
Thus, we note that I1 = 0 if we use (47) and if we assume that the physical fields are those
that vanish at infinity (due to the Gauss divergence theorem).
Let us now take the integral I2. Performing the partial integration, we obtain
I2 =
∫
d5x ∂i
(
B1 K¯
0i
)
−
∫
d5x
[
B1 (∂iK¯
0i)− B1 B˙1
]
. (C.6)
We note that the first term goes to zero (due to the validity of Gauss’s divergence theorem)
and the second term vanishes if we use the equation of motion ∂µK¯
µν + ∂νB1 = 0 from
(62) (which implies ∂iK¯
0i = B˙1). If we carry out the partial integration and throw away
the total space derivative terms, we obtain the suitable form of integral I3 as
I3 = −
∫
d5x
[
(∂0∂iβ¯
i − ∂i∂
iβ¯0)B − (∂0∂iβ
i − ∂i∂
iβ0)B2 −B B˙2 −B2 B˙
]
. (C.7)
Using the appropriate equations of motion B = −(∂ · β), B2 = (∂ · β¯) from (62) [which
imply ∂iβ
i = −B − ∂0β
0, ∂iβ¯
i = −∂0β¯
0+B2], the above expression can be re-expressed as
I3 =
∫
d5x
[
B (β¯0)− B2 (β
0)
]
. (C.8)
It is clear from the above equation that the integral I3 vanishes (I3 = 0) if we use the E-L
equations of motion β0 = 0, β¯0 = 0 [cf. (62)].
The integral I4 can be expressed in the component form as
I4 = −2
∫
d5x
[
∂0(∂iC¯
ij) fj + ∂i(∂
iC¯j0 − ∂jC¯ i0) fj − ∂i(∂
iCj0 − ∂jC i0) F¯j
+
1
2
(∂0F¯ i − ∂iF¯ 0) Fi −
1
2
(∂0f i − ∂if 0) f¯i − ∂
0(∂iC
ij) F¯j
]
, (C.9)
where we have performed the partial integration in the first and third terms of the integral
I4 and have thrown away the total space derivative terms. Using the following equations
of motion ∂µC
µν − ∂νC1 + 2F
ν = 0, ∂µC¯
µν − ∂νC¯1 + 2f¯
ν = 0, the above integral can be
reduced to the following form:
I4 = 2
∫
d5x
[
(C¯0i)fi + 2(∂
0f¯ i − ∂if¯ 0) fi − 2(∂
0F i − ∂iF 0) F¯i
−
(
C0i
)
F¯i +
1
2
(∂0f i − ∂if 0) f¯i −
1
2
(∂0F¯ i − ∂iF¯ 0) Fi
]
. (C.10)
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Further, exploiting the appropriate equations of motion C0i = −3
2
(∂0F i− ∂iF 0), C¯0i =
−3
2
(∂0f¯ i − ∂if¯ 0) [cf. (62)] and the CF-type conditions fµ + Fµ = ∂µC1, f¯µ + F¯µ = ∂µC¯1
from (66), the above expression can be re-written as
I4 =
∫
d5x
[
(∂0f¯ i − ∂if¯ 0) (fi + Fi)− (∂
0F i − ∂iF 0) (f¯i + F¯i)
]
≡ −
2
3
∫
d5x
[
(C¯0i)(∂iC1)− (C
0i)(∂iC¯1)
]
. (C.11)
After performing the partial integration and, then, using the Euler-Lagrange equations of
motion ∂iC
0i = −∂0C1 + 2F
0, ∂iC¯
0i = −∂0C¯1 + 2f¯
0 [cf. (62)], the above integral can be
proved to be zero. The following form of I4 corroborates the above statement, namely;
I4 = −
2
3
∫
d5x
[
∂0(C¯1)C1 − 2 (f¯
0)C1
− ∂0(C1) C¯1 + 2 (F
0) C¯1
]
= 0, (C.12)
where we have thrown away the total space derivative terms and we have used the equations
of motion C1 = 0, C¯1 = 0, F
0 = 0, f¯ 0 = 0 [cf. (62)].
From the above computations, it is clear that sbQab = −i {Qab, Qb} = 0 shows that Qb
and Qab are absolutely anticommuting in nature on the constrained hypersurface defined
by the CF-type equations (47) and (66). In an exactly similar fashion, one can also prove
that sabQb = −i {Qb, Qab} = 0 (which imply the anticommutativity of Qb and Qab). We
would like to comment that the complete extended BRST algebra (102) can be derived by
using the concept of principle of symmetry transformations as we have demonstrated in
the proof of nilpotency (Q2(a)b = 0) and anticommutativity property ({Qb, Qab} = 0) (cf.
Appendices B and C). In this method of proof, the algebra is straightforward.
Appendix D: Arbitrary p-form theory
Here we discuss the discrete symmetry transformations for the Abelian p-form gauge theory
in D = 2p dimensions of spacetime. It is clear that the kinetic term of this gauge theory
will be constructed from the (p+ 1)-form F (p+1) as given below
F (p+1) = d A(p) =
[
dxµ1 ∧ dxµ2 ... ∧ dxµ(p+1)
(p+ 1)!
]
Fµ1µ2...µ(p+1), (D.1)
where Fµ1µ2µ3...µ(p+1) is the totally antisymmetric curvature tensor that is expressed in terms
of the antisymmetrized version of derivatives on the p-form potential Aµ1µ2µ3...µp. The
gauge-fixing term in the D = 2p dimensional spacetime for the p-form gauge potential is a
(p− 1)-form antisymmetric tensor (defined in terms of the co-exterior derivative δ) as
δ A(p) = − ∗ d ∗A(p) =
[
dxµ2 ∧ dxµ3 ... ∧ dxµp
(p− 1)!
](
∂µ1Aµ1µ2µ3...µp
)
, (D.2)
where (∂µ1Aµ1µ2µ3...µp) is totally antisymmetric in all the indices from µ2 to µp.
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The gauge-fixed Lagrangian density for the D = 2p dimensional Abelian p-form gauge
theory can be written (in the Feynman gauge) as (see, e.g., [38])
L =
1
2 (p+ 1)!
(
Fµ1µ2...µ(p+1)
)(
F µ1µ2...µ(p+1)
)
+
1
2 (p− 1)!
(
∂µ1Aµ1µ2...µp
)(
∂ν1A
ν1µ2...µp
)
. (D.3)
For the 6D Abelian 3-form theory [cf. (32)], we note that an overall factor of (1/2) has been
taken out, for the sake of simplicity. In fact, for p = 3, we can obtain Lagrangian density
(32) from the general Lagrangian density (D.3) modulo the above factor of (1/2). The
above Lagrangian density would respect (dual-)gauge symmetry transformations analogous
to (2), (7) and (34). The key reason behind the existence of the dual-gauge symmetry
transformations is the following self-duality condition
∗ A(p) =
(−1)p
p!
εµ1µ2...µpµ(p+1)...µ2p A
µ(p+1)µ(p+2)...µ2p, (D.4)
where the Hodge duality (∗) operation is defined on a 2p-dimensional flat spacetime man-
ifold, on which, a 2p-dimensional Levi-Civita tensor εµ1µ2µ3...µpµp+1...µ2p can exist. The fol-
lowing discrete symmetry transformations on the p-form gauge potential, namely;
Aµ1µ2...µp → ±
i
p!
εµ1µ2...µpµ(p+1)...µ2p A
µ(p+1)µ(p+2)...µ2p, (D.5)
would turn out to be the symmetry transformations for the gauge-fixed Lagrangian density
(D.3) as we have seen the existence of analogous symmetries in the cases of 2D Abelian 1-
form, 4D Abelian 2-form and 6D Abelian 3-form gauge theories. In fact, under the discrete
transformations (D.5), the kinetic and gauge-fixing terms would exchange with each-other
[in the gauge-fixed Lagrangian density (D.3) in the Feynman gauge for the Abelian p-form
theory under consideration].
The “classical” dual-gauge symmetries can be generalized to the nilpotent “quantum”
(anti-)dual-BRST symmetries in the same way as we have done for the 2D Abelian 1-form,
4D Abelian 2-form and 6D Abelian 3-form gauge theories. We very briefly outline here the
derivation of, first of all, the proper (anti-)BRST symmetry transformations by exploit-
ing the geometrical superfield approach [31,32]. Primarily, we invoke here the following
horizontality condition (F˜ (p+1) = F (p+1)). In other words, we demand
d˜ A˜(p) = d A(p), (D.6)
where d = dxµ∂µ (µ = 0, 1, 2, ..., 2p − 1) is the ordinary exterior derivative defined on
the ordinary D = 2p dimensional spacetime and A(p) is the ordinary p-form connection.
On the l.h.s. of (D.6), we have the super exterior derivative d˜ (with d˜2 = 0) and super
p-form connection A˜(p) which are the generalizations of their ordinary counterparts (in 2p-
dimensions of spacetime) onto a (2p, 2)-dimensional supermanifold. These generalizations
can be succinctly expressed, in the mathematical form, as
d −→ d˜ = dZM∂M ≡ dx
µ ∂µ + dθ ∂θ + dθ¯ ∂θ¯,
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A(p) −→ A˜(p) =
(
dZM1 ∧ dZM2... ∧ dZMp
p!
)
A˜M1M2...Mp(x, θ, θ¯), (D.7)
where ZM = (xµ, θ, θ¯) and ∂M = (∂µ, ∂θ, ∂θ¯) are the superspace variables and corresponding
derivatives that characterize the (2p, 2)-dimensional supermanifold on which the Abelian p-
form gauge theory has been generalized. Here the bosonic variable xµ(µ = 0, 1, 2, ..., 2p−1)
are the ordinary spacetime variable and (θ, θ¯) are a pair of Grassmannian variables (with
θ2 = θ¯2 = 0, θθ¯ + θ¯θ = 0). Furthermore, the multiplet superfields A˜M1M2...Mp−1Mp(x, θ, θ¯)
will have (anti)symmetric components (i.e. A˜µ1µ2...µp, A˜µ1µ2,θ,θ¯...µp, etc.). These super-
fields A˜M1M2...Mp(x, θ, θ¯) can be expanded along the Grassmannian directions of the (2p, 2)-
dimensional supermanifold (see, e.g., [21]) in terms of the basic, auxiliary and secondary
fields of the ordinary 2p-dimensional (anti-)BRST invariant field theory.
At this juncture, the horizontality condition (D.6) plays a decisive role. This condition
is basically the covariant reduction of the supercurvature (p+1)-form F˜ (p+1) to the ordinary
curvature (p + 1)-form F (p+1). In fact, first of all, we substitute the values of d˜ and A˜(p)
from (D.7) into the l.h.s. of (D.6). The covariant reduction of the supercurvature (p+ 1)-
form F˜ (p+1) (defined on the (2p, 2)-dimensional supermanifold) to the ordinary curvature
(p + 1)-form F (p+1) (defined on 2p-dimensional supermanifold), leads to the derivation of
off-shell nilpotent (s2(a)b = 0) and absolutely anticommuting (sb sab+sab sb = 0) (anti-)BRST
transformations (see, e.g., [21] for Abelian 2-form and 3-form gauge theories). From these
proper (anti-)BRST transformations, one can always obtain the (anti-)BRST invariant
coupled Lagrangian densities (see, e.g., Appendix A for 3-form gauge theory) that incor-
porate the gauge-fixing and Faddeev-Popov ghost terms. Furthermore, these Lagrangian
densities would always respect the (anti-)BRST symmetry transformations derived from
the horizontality condition (within the framework of superfield formalism [31,32].
Finally, the discrete symmetry transformations for the gauge field [cf. (D.5)] can be
generalized to incorporate such discrete symmetry transformations on the (anti-)ghost and
auxiliary fields of the theory. The full set of discrete symmetry transformations would
define the analogue of the Hodge duality (∗) operation of differential geometry. As a con-
sequence, we can define the analogue of relation (100) that would enable us to deduce
the (anti-)dual-BRST symmetry transformations s(a)d. The latter symmetries also turn
out to be off-shell nilpotent (s2(a)d = 0) and absolutely anticommuting (sdsad + sabsb = 0)
in nature. Having obtained these basic nilpotent (s2(a)b = 0, s
2
(a)d = 0) (anti-)BRST and
(anti-)co-BRST symmetry transformations s(a)b and s(a)d, we can derive bosonic as well as
ghost-scale symmetries of the theory and show that the Abelian p-form gauge theory, in
D = 2p dimensions of spacetime, provides a model for the Hodge theory where we obtain
the physical realizations of all the cohomological quantities of differential geometry [17–20].
Appendix E: Extra bosonic symmetries
Here we show that the Lagrangian densities (53) and (54), in addition to the six continuous
symmetries (s(a)b, s(a)d, sω, sg), respect two new bosonic symmetries but these new bosonic
symmetries [cf. (90)] can not be regarded as the analogue of Laplacian operator of differ-
ential geometry. These new bosonic symmetries are defined as: s
(1)
ω = {sb, sad}, s
(2)
ω =
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{sd, sab}. It is interesting to point out that these bosonic symmetries s
(1)
ω and s
(2)
ω do not
exist (i.e. {sd, sab} = {sb, sad} = 0) for the 2D Abelian 1-form [10–12] and 4D Abelian
2-form gauge theories [13–16]. Under the following bosonic transformations s
(1)
ω and s
(2)
ω :
s(1)ω φ
(1)
µ = − ∂µB, s
(1)
ω φ
(2)
µ = −∂µB, s
(1)
ω β¯µ = ∂µ(B1 − B3),
s(1)ω
[
Aµνη, Kµν , K¯µν , Kµν , K¯µν , Cµν , C¯µν , Fµ, F¯µ, fµ, f¯µ, βµ,
B, B1, B2, B3, C1, C¯1, C2, C¯2
]
= 0, (E.1)
s(2)ω φ
(1)
µ = ∂µB2, s
(2)
ω φ
(2)
µ = − ∂µB2, s
(2)
ω βµ = ∂µ(B1 +B3),
s(2)ω
[
Aµνη, Kµν , K¯µν , Kµν , K¯µν , Cµν , C¯µν , Fµ, F¯µ, fµ, f¯µ, βµ,
B, B1, B2, B3, C1, C¯1, C2, C¯2
]
= 0, (E.2)
the Lagrangian densities (53) and (54) transform as follows:
s(1)ω L(b) = s
(1)
ω L(b¯) = −∂µ
[
(B1 − B3)(∂
µB)− B ∂µ(B1 −B3)
]
, (E.3)
s(2)ω L(b) = s
(2)
ω L(b¯) = ∂µ
[
(B1 +B3)(∂
µB2)− B2 ∂
µ(B1 +B3)
]
. (E.4)
Furthermore, it can be checked that the above bosonic symmetry transformations s
(1)
ω and
s
(2)
ω lead to the following conserved currents
J
µ (1)
(ω,b) = (K
µν −Kµν) (∂νB)− (∂
µβν − ∂νβµ) ∂ν(B1 −B3), (E.5)
J
µ (1)
(ω,b¯)
= (K¯µν − K¯µν) (∂νB)− (∂
µβν − ∂νβµ) ∂ν(B1 −B3), (E.6)
J
µ (2)
(ω,b) = (K
µν +Kµν) (∂νB2)− (∂
µβ¯ν − ∂ν β¯µ) ∂ν(B1 +B3), (E.7)
J
µ (2)
(ω,b¯)
= (K¯µν + K¯µν) (∂νB2)− (∂
µβ¯ν − ∂ν β¯µ) ∂ν(B1 +B3), (E.8)
where the conservation law can be proven by exploiting the Euler-Lagrange equations of
motion (61) and (62). The above conserved currents lead to the following expressions for
the conserved charges (Q
(r)
(ω,s) =
∫
d5x J
0 (r)
(ω,s) where r = 1, 2 and s = b, b¯)
Q
(1)
(ω,b) =
∫
d5x
[
(K0i −K0i) (∂iB)− (∂
0βi − ∂iβ0) ∂i(B1 − B3)
]
, (E.9)
Q
(1)
(ω,b¯)
=
∫
d5x
[
(K¯0i − K¯0i) (∂iB)− (∂
0βi − ∂iβ0) ∂i(B1 −B3)
]
, (E.10)
Q
(2)
(ω,b) =
∫
d5x
[
(K0i +K0i) (∂iB2)− (∂
0β¯i − ∂iβ¯0) ∂i(B1 +B3)
]
, (E.11)
Q
(2)
(ω,b¯)
=
∫
d5x
[
(K¯0i + K¯0i) (∂iB2)− (∂
0β¯i − ∂iβ¯0) ∂i(B1 +B3)
]
. (E.12)
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Even though, the above bosonic charges remain invariant under the (anti-)BRST as well
as (anti-)dual BRST symmetry transformations [cf. (57), (55), (72) and (70)], under the
ghost-scale symmetry transformations sg [cf. (95)], we obtain the following
sgQ
(1)
(ω,b) = −i
[
Q
(1)
(ω,b), Qg
]
= +2 Q
(1)
(ω,b),
sgQ
(1)
(ω,b¯)
= −i
[
Q
(1)
(ω,b¯)
, Qg
]
= +2 Q
(1)
(ω,b¯)
, (E.13)
sgQ
(2)
(ω,b) = −i
[
Q
(2)
(ω,b), Qg
]
= −2 Q
(2)
(ω,b),
sgQ
(2)
(ω,b¯)
= −i
[
Q
(2)
(ω,b¯)
, Qg
]
= −2 Q
(2)
(ω,b¯)
. (E.14)
Thus, the ghost numbers of
(
Q
(1)
(ω,b), Q
(1)
(ω,b¯)
)
are (+2) and the ghost numbers of(
Q
(2)
(ω,b), Q
(2)
(ω,b¯)
)
are (−2) [cf. (E.13) and (E.14)] and, as a consequence, they do not
commute with the ghost charge of the present theory. Moreover, at the level of symmetry
transformations, the bosonic symmetries s
(1)
ω and s
(2)
ω commute with sb, sab, sd, sad but they
do not commute with the ghost-scale transformation sg for the generic fields Ψ1 and Ψ2,
namely; [
s(1)ω , sg
]
Ψ1 6= 0, Ψ1 = φ
(1)
µ , φ
(2)
µ , β¯µ, (E.15)[
s(2)ω , sg
]
Ψ2 6= 0, Ψ2 = φ
(1)
µ , φ
(2)
µ , βµ, (E.16)
However, the bosonic symmetry sω [cf. (81)] commutes with all the symmetry transforma-
tions sb, sab, sd, sad, sg. Thus, due to the above mentioned reasons, these bosonic symmetries
s
(1)
ω and s
(2)
ω (and the corresponding generators Q
(1)
ω and Q
(2)
ω ) are not the Casimir operators
for the algebras (98) and (102). It should be noted that, for the sake of brevity, we have
taken Q
(1)
ω ≡
(
Q
(1)
(ω,b), Q
(1)
(ω,b¯)
)
and Q
(2)
ω ≡
(
Q
(2)
(ω,b), Q
(2)
(ω,b¯)
)
for our further discussions.
The clinching evidence that Q
(1)
ω and Q
(2)
ω are not the physical realization of the Lapla-
cian operator of differential geometry emerges out from the ghost number considerations.
From the algebra in (E.13) and (E.14), it is obvious that
i Qg Q
(1)
ω |χ〉n = (n+ 2) Q
(1)
ω |χ〉n, (E.17)
i Qg Q
(2)
ω |χ〉n = (n− 2) Q
(2)
ω |χ〉n. (E.18)
Thus, we establish that Q
(1)
ω and Q
(2)
ω are not the analogue of Laplacian operator as is
evident from the comparison between [(E.17), (E.18)] and (101).
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